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Abstract 
This thesis describes problems associated with noise and vibration concern in internal 
combustion engines as the result of a growing trend in the development of modem 
vehicular engines with high power to light weight ratios. There are a plethora of 
vibration concerns. These are owed to the increasing combustion forces in lean bum 
engines and the progressive use of materials of durable, but light-weight construction. 
The latter has come about as a result of a need to reduce the inertial imbalances. 
These features have resulted in achieving fuel efficiency. Although the primary aims 
in high output power and structural integrity have been largely achieved, these have 
culminated in an assortment of sources of noise and vibration, chiefly among them 
those associated with signature output of the combustion process. For the common 
four stroke engines, the contributory sources are at half engine order multiples, 
referred to as engine "roughness". A holistic approach is to incorporate reduced 
engine roughness contributions as an integral part of engine design and development. 
The aim of this thesis is to create a methodology for fundamental design evaluation 
and analysis of engine dynamics, which comprises rigid body inertial dynamics of 
engine assembly, the elasto-dynamics of flexible and compliant components and 
applied and reactive forces in such a complex assembly. These applied forces are of a 
highly non-linear nature and include combustion forces, lubricated contact reactions 
in engine bearings and resistive torque due to bearings and other frictional 
components, etc. . Such comprehensive multi-body models must be simple and 
practicable, whilst retaining many features that are essential to any engine designer or 
analyst. 
With these aims, solution methods to a m'?lti-physics environment become essential. 
These include both spatial and temporal solutions to governing physical equations, 
such as Lagrangiail dynamics (providing partial differential equations of motion), 
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non-linear holonomic and non-holonomic algebraic functions, and highly non-linear 
fluid flow equations in narrow convergent gaps, subjected to an elastohydrodynamic 
regime of lubrication. These comprise simultaneous solution of Reynolds' 
hydrodynamic equation, with elastic lubricant film function, which embodies the 
elastic deflection of the thin shell bearings. The numerical solvers must include step-
by-step integration of a mix of differential-algebraic equations of a highly non-linear 
nature, referred to as a "stiff' system, as well as spatial high density mesh solvers for 
contact conditions. 
The thesis describes the approach undertaken in creating such a multi-physics 
modelling and simulation environment. It also highlights both analytical and 
experimental verification of the contained methodology by application to real 
industrial problems. The approach undertaken in this thesis advances the state of 
knowledge in its integrative multi-physics nature, as well as providing novel solutions 
for elastohydrodynamic analysis of thin shell bearings, not hitherto reported in 
literature. 
The developed analysis approach has been verified against experimental work carried 
out for the investigation of a particularly troublesome vehicular powertrain noise and 
vibration concern. The phenomenon referred to in industry as ''whoop" is a transient 
in-cycle vibration of the clutch system, which occurs during clutch actuation, both in 
engagement and disengagement processes. This phenomenon has been investigated 
elsewhere by specially configured test rigs and on-vehicle tests, indicating that the 
root cause of the problem is the high combustion forces, resulting in elasto-dynamic 
response of the powertrain system. The numerical work carried out in this thesis 
confirms these findings in a fundamental manner and also yields results that closely 
conform to the experimental findings. 
Keywords: Multi-Body Dynamics, IC Engines, Component Flexibility, Thin Shell 
Bearings 
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Chapter 1 
Introduction 
1.1- Problem Defmition 
In recent years an increasing use has been made of materials of lighter construction, 
both for enhanced engine efficiency by a corresponding reduction in mechanical 
losses, and for an improved NVH performance. The realisation of the latter was 
perceived to occur as a by-product of reduced inertial imbalance. The selection of 
materials for powertrain components has been largely based upon their strength and 
fatigue endurance limits alone, not paying much attention to issues of structural 
dynamics as an NVH concern. Parallel to these developments much attention has been 
paid to improved thermodynamic performance of engines as thermal losses account 
for 60-65% of all losses in an engine [1] (see figure 1.1). As a result ofthe improved 
combustion processes a greater power torque is now applied to lighter engine 
components, yielding larger torsional-deflection and lateral bending oscillations. With 
improved ride comfort from an NVH perspective and a perceived reduction in 
aerodynamic noise in intermittent driving conditions in congested areas, the driver 
concern has shifted towards a plethora of powertrain-induced vibration and the 
associated structure-borne noise [2]. An implication ofthis has been an assortment of 
palliative measures introduced by the industry at a significant cost, an approach which 
is unlikely to be sustainable. Such an approach, as referred to later in the case of 
clutch in-cycle vibration, has led to the elimination of a mass-damper element from 
the clutch lever in the cable operated clutch systems, resulting in a saving of $7 per 
vehicle over a production output of one million vehicles per annum in the case of Ford 
alone. Clearly, fire-fighting palliative approaches, prior to the fundamental studies of 
this nature are not economically sustainable. Root-cause identification and solution of 
most powertrain NVH problems calls for detailed modelling of the internal 
combustion engine using a multi-body dynamic approach. 
The analysis comprises simultaneous solution for large displacement dynamics of 
engine components such as piston and connecting rod motions, together with 
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infinitesimal elastic response of, for example, crank-pins and support bearings [2]. 
The elasticity of the crankshaft system leads to combined torsion-deflection modes of 
vibration of the crankshaft system, which occurs at the forcing frequency and its 
higher multiples. In the case of four stroke internal combustion engines the forcing 
frequency is the cyclic firing of the various pistons. The forcing frequency is, 
therefore, the half engine rotational frequency in such an engine since all the cylinders 
fire every 720° rotation of the crankshaft. Therefore, the signature of the vibration of 
the system contains the fundamental forcing frequency at half-engine order and all its 
multiples [3]. This is referred to in industry as engine "roughness", which dominates 
the noise and vibration spectra of modem vehicle engines due to the light-weight 
flexible components [4]. One such component is the engine bearing, which nowadays 
incorporates a thin shell. The gap between the shell and the journal (i.e. the 
crankshaft) and the deformation of the former leads to the formation of a lubricant 
film and generation of hydrodynamic pressures in the contact conjunction [5] (see 
figure 1.2). The global axial deformation of the shell and the journal is referred to as 
"slope". There is additional deformation of the shell due to the generated 
hydrodynamic pressures. These together induce stresses in the bearing shell, which 
may exceed its fatigue endurance limit. Failure of the shell results in the catastrophic 
failure of the crankshaft system. The local deformation of the shell in the contacting 
region creates a gap into which the lubricant film flows and keeps the contiguous 
bodies apart, guarding against the incidence of wear. Thin flexible shells provide 
enhanced film thickness compared to those of "rigid" shells due to their flexibility, 
and through local elastic deformation of the contiguous bodies. In the latter case the 
fluid film formation is by entraining action of the fluid in the gap alone, which is due 
to the designed clearance between the journal and the shell. In both cases the 
depletion of lubricant film below a certain thickness renders asperity interactions 
between the surfaces of journal and the shell, which also leads to failure of the bearing 
[6]. 
The eccentricity between the centre of the shell and the centre of the journal causes a 
whirling motion, which takes place at the shaft rotational frequency, and at given 
conditions at a fractional speed of the shaft, known as half-speed whirl [7,8,9](see 
figure 1.3). This is because this effect is often encountered at half the rotational speed 
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of the shaft. The phenomenon is referred to as whirling or whipping motion of the 
journal, and is an unstable rotational event. Under these conditions the lubricant film 
can travel backward (i.e. entrain in the opposite direction to the rotational motion of 
the journal) [10]. In the case of engine bearings this phenomenon occurs at half the 
rotational speed of the crankshaft, which coincides with the fundamental combustion 
force frequency of half-engine order and can lead to resonant conditions. This is a 
non-linear event, known as the jump phenomenon, where at a given speed of rotation 
the journal motion can jump from a seemingly stable orbit to another orbit with 
different amplitude instantaneously. To investigate such conditions and guard against 
their occurrence, it is necessary to carry out analysis, which should include: inertial 
dynamics, flexural motion of elastic components and restoring action of lubricant 
pressure. This, in short, is termed tribo-elasto-multi-body dynamics, which is the 
subject of this thesis [11]. 
1.2- Aims and Objectives 
The problems described above call for an integrated analysis approach, which 
necessitates the inclusion of the following features, forming the overall aim of 
creating a detailed and generic model of a multi-cylinder internal combustion engine: 
• Rigid multi-body model of inertial components within an IC engine, 
including the assembly constraints and the counter-balance masses employed 
to reduce the torsional out-of-balance of the crankshaft system (see figure 
1.4). 
• Inclusion of sources of compliance in an engine such as flexibility of engine 
components in the form of dynamic stiffness and damping matrices. 
• Inclusion of restoring forces in the supporting structures; in particular the 
characteristic behaviour of engine bearings for the crankshaft system and the 
friction torque (i.e. the resistive torque) in the crankshaft system 
• Incorporation of sources of excitation; in this case, the description of 
combustion in cylinders, as well as the starter motor characteristics. 
3 
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A solution is sought to this multi-physics problem; constrained large displacement 
rigid-body dynamics (in the order of mm and degrees), small amplitude 
elastodynamics (vibrations) (in the order of tenths of mm and minutes of arc) and 
elastohydrodynamic conditions in bearings (in the order of micrometers and seconds 
of arc). Furthermore, the sources of excitation and restoration include combustion (in 
the order of KN forces), starter motor torque (in the order of Nm), and 
elastohydrodynamic pressures (in the order ofMPa). 
It can be observed that the plethora of spectral contributions span a range from a few 
Hertz to several hundreds of Hz, all of which can be readily excited, making the 
problem very non-linear and of a "stiff' nature [12]. An objective of the study 
reported in this thesis is, therefore, to obtain simultaneous solution to the problem 
using state-of-the-art numerical solvers which can efficiently deal with this rather 
intractable problem. 
An additional objective is to validate the methodologies incorporated and developed 
in the thesis against analytic and experimental findings through detailed application to 
real systems. As a by-product of these objectives, a generic and verified parametric 
multi-body model will emerge that can be used in design and design evaluation 
studies in the assessment of present or new developments of internal combustion 
engines through virtual prototype testing (as described in section 1.1). 
1.3- Methods employed in this thesis 
To achieve the above objectives the following methods have been used in an 
integrated manner within this thesis: 
• Lagrangian dynamics for constrained non-linear systems [13]. 
• Generalised stress-strain analysis for isotropic materials to obtain non-linear 
elastic field stiffuess and damping matrices to represent component flexibility 
[14]. 
• Calculation of instantaneous combustion pressure by the application of the 
first law of thermodynamics to the trapped air-fuel mixture, or the inclusion of 
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experimentally monitored combustion pressure by parametric cubic splines in 
the multi-physics model [15]. 
• Solution for elastohydrodynamic lubrication for thin shell engine bearings: 
simultaneous solution to finite difference discretised Reynolds' hydrodynamic 
equation, elastic film shape with determined local elastic deformation through 
use of the column method and the load balance equation by Newton's third 
law. The solution method employs Gauss-Seidel iteration with relaxation, with 
Gaussian elimination. Load convergence is performed for integrated pressure 
distribution and for force vectors, optimising for journal eccentricity at any 
instant of time [5]. 
• A set of differential-algebraic equations, which forms a large and sparse 
Jacobian matrix, represents the overall non-linear dynamics problem [2,16]. 
The solution method incorporates LU decomposition of this matrix, together 
with the use ofNewton-Raphson iterations for non-linear algebraic equations. 
Time integration is performed by a variable step-sized integrator, known as 
Gstiff [17,18]. A predictor-corrector algorithm achieves the overall solution 
[19]. 
1.4- Structure of thesis 
This chapter highlights the imperatives that provided the impetus for undertaking the 
research which has led to the compilation of this thesis. 
Chapter 2 provides a literature review of the various issues that have influenced the 
progress of the research. In particular, it contains a survey of engine dynamics 
investigations, both in experimental monitoring of noise and vibration and in 
simulation studies. Some fundamental aspects of modelling in multi-body formulation 
and solution have also been included. Furthermore, specific parts of the thesis contain 
its main contributions to knowledge, such as in thin shell elastohydrodynamic 
lubrication. As a result specific literature reviews in these areas have been included in 
chapter 2. 
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Chapter 3 provides a thorough analytical treatment of engine dynamics from basic 
principles, including the determination of the various spectral contributions specific to 
four and six cylinder four stroke engines. Experimental evidence for these is also 
highlighted. 
Chapter 4 outlines the multi-body dynamic formulation method and the solution 
methodology, as well as providing a detailed description of four and six cylinder 
internal combustion engine models with analysis and concluding remarks. 
Chapter 5 highlights the theory of hydrodynamic lubrication and the derivation of 
Reynolds' equation from first principles through the use ofNavier-Stokes equations. 
The Reynolds' equation in cylindrical co-ordinates is then discretised, using finite 
differences, and solved simultaneously with the elastic film shape and load balance 
equations. The deflection of the thin shell is formulated using general stress-strain 
relations for isotropic materials and simplified using appropriate assumptions in line 
with the column method formulation. The method of solution for thin shell journal 
bearing elastohydrodynamics is detailed in this chapter. Chapter 5 also provides 
results and discussion for lubricant conditions under the various engine operating 
dynamic conditions highlighted in chapter 4. 
Chapter 6 provides a comparison between the numerical results obtained in chapter 4 
through multi-body dynamic analysis and the experimental monitoring of vibration in 
an automotive engine. A real physical phenomenon of concern to the auto-engine 
manufacturers is highlighted in some detail and the use of the multi-body model in 
this respect is shown. 
Chapter 7 outlines the overall conclusions of the research carried out under this 
project and included in this thesis. The aims of the research are revisited and the 
degree of achievement in this regard is gauged. A critical assessment of the thesis is 
carried out, including the underlying assumptions made in the different methods of 
analysis developed and used. Finally, chapter 7 proposes suggestions for future work 
to be carried out to extend the research and development findings contained in this 
thesis. 
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Power to the wheels 
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Figure 1.1: Power distribution in a vehicle during city driving [1] 
(after Anderson [100]) 
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Figure 1.2: Pressure distribution around a journal bearing (taken from Harnrock [5]) 
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Figure 1.3: Journal orbits at different shaft speeds (after Kryniski [9]) 
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Figure 1.4: A multi-cylinder multi-body system model 
with highlighted counter-balance masses 
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Chapter 2 
Literature Review 
2.1 Introduction 
With improved ride and handling performance of vehicles, powertrain noise and 
vibration characteristics have become progressively important. In modern society, the 
lifestyle of many now revolves around the use of motor vehicles and a significant 
proportion of drivers' time is spent under idling conditions, or in low to moderate 
travel speeds in congested traffic. Consequently, all road users are subject to noise 
sources that are predominantly contributed by the powertrain system, as opposed to 
those, which are road induced or caused by aerodynamic effects, which are dominant 
at higher travel speeds. Recent surveys show that drivers are more annoyed by 
structure-borne noise and vibration than airborne noise, the former being at a lower 
frequency and almost entirely induced by the powertrain system [20]. 
The internal combustion engine is inherently unbalanced because of the translational 
inertial imbalance of the reciprocating elements such as the pistons and the connecting 
rods. The combustion process acts as the initiating source for the spectrum of noise 
and vibration in the powertrain system that includes its own fundamental forcing 
frequency (this being half the rotational frequency of the crankshaft for a four stroke 
engine, see the analytic solutions in chapter 3) and all its higher harmonics [2,3]. The 
effect of the combustion force is twofold. Firstly, it introduces the imbalance inertial 
forces at the engine rotational frequency (i.e. the engine order) and all its whole order 
multiples (the even order contributions being the most troublesome in a four cylinder 
engine and the 3rd engine order and its multiples being so in the 6 cylinder engine) and 
secondly, it induces the torsional-deflection response of the engine block and the 
elastic crankshaft system. These latter contributions are the multiples of the four 
stroke combustion process and are referred to as engine "roughness". Rahnejat [21] 
has provided a comprehensive analytical derivation for all the aforementioned spectral 
contents. Experimental evidence for the inertial imbalanced engine orders and engine 
roughness have been obtained for four cylinder, four stroke, in-line diesel engines by 
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Dixon et al [22] (see figure 2.1), Kinoshita et al [23], Nakada and Tonosaki [24], and 
for a six cylinder, four stroke, in-line gasoline engine by March and Croker [4] (see 
figure 2.2). 
Provisions can be made for reductions in amplitudes of vibration at different engine 
orders. These can include the introduction of counter-balance masses on the 
crankshaft system to reduce the effect of primary out-of-balance at the first engine 
order (i.e. the crankshaft speed) [25,26]. Balance shafts, counter-rotating with respect 
to the crankshaft can also be included in the engine configuration in order to minimise 
or eliminate the effect of the secondary unbalanced contribution (i.e. at twice the 
crankshaft speed, this being the major concern in four stroke, four cylinder engines). 
A configuration for such counter-balance rotating shafts was devised by Lanchester; 
commonly referred to as the Lanchester balancer [27](see figure 2.3). Nevertheless, 
the use of such shafts has adverse implications in terms of engine package space. It 
should be noted that recent trends in engine development are towards smaller and 
lighter compact engines (see chapter 1). However, with increased engine power to 
weight ratio, as a by-product of higher combustion forces and use of material of 
lighter construction, inertial imbalances re-appear, together with engine roughness due 
to the elastodynamic behaviour of the system [21,25,26]. To minimise their effects, 
the chance of unbalanced motions should be reduced. This necessitates the 
minimisation of reciprocating masses, whilst increasing the stiffuess of engine 
components, a solution that leads to a paradox. Reducing the piston stroke and 
crankpin radius, whilst increasing the connecting rod length can also reduce the higher 
order effects [28]. However, this can also lead to an adverse effect in terms of package 
space requirement for engine installation. Therefore, the problem is truly multi-variate 
and requires detailed studies with specific aims in mind. 
There has been a growing trend in the use of multi-body dynamic analysis for 
investigation of engine dynamics. This has often been in conjunction with 
experimental monitoring techniques for assessment of engine NVH performance. The 
following section provides a review ofliterature in this regard. 
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2.2- Engine Dynamics: A Review 
Zeischka et al [29,30] have highlighted a multi-body elastodynamic model of the 
crankshaft and the engine block, making use of finite element models to represent the 
elastic behaviour of the various components. The hydrodynamic action of the 
supporting journal bearings was taken into account, using impedance charts. These 
give the journal reactions as a function of the Sommerfeld number. The authors have 
demonstrated that vibration characteristics of four stroke, four cylinder in-line internal 
combustion engines can be accurately predicted. These characteristics comprise even 
order harmonics of engine speed (i.e. even engine orders) due to inertial imbalance 
introduced by reciprocating motion of pistons and the articulated motions of 
connecting rods, even if a rigid crankshaft system is assumed (see figure 2.4). 
Analytic solutions for verification of this are provided in reference [21 ], and in 
chapter 3. Component flexibility causes torsional-deflection oscillations of the 
crankshaft system at half engine order multiples. Analytic verification for this is 
provided in reference [31] with experimental evidence portrayed in references 
[22,23]. These half engine order multiples are particularly troublesome and induce a 
variety of drivetrain noise and vibration problems (see for example clutch in-cycle 
axial vibration [32-36], and driveline impact induced elastodynamic response, referred 
to as clonk [37-41]). 
Katano et al [ 42] have also obtained the dynamic forces generated in an engine, which 
induce resonant conditions in the crankshaft system, using a multi-body dynamic 
approach. Lacy [43] has studied torsional vibration of a four cylinder gasoline engine, 
using a multi-body model. In his model the crankshaft nodes were connected to the 
main journal bearing housing by an oil film module, having linear and rotary stiffness 
and damping. This oil film module was initially reported by Kikuchi [44] and has 
been employed by Lacy with a constant journal eccentricity, resulting in an axi-
symmetric oil film constraint. However, transient conditions that are prevalent in 
engine dynamics can lead to small perturbations that render this assumption void, as 
in reality journal eccentricity alters and the hydrodynamic oil film reaction occurs as a 
result of combined lubricant entraining and squeeze film motions [11,15]. 
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Hitherto, most of the multi-body models reported in the literature assume linearised 
journal bearing reactions, represent power torque fluctuations by simplified induced 
torque upon the crankshaft system and are devoid of realistic assembly constraints 
between the various engine components. A detailed multi-body model of a single 
cylinder four stroke engine, comprising inertial components, assembly constraints and 
finite width hydrodynamic journal bearings, subjected to a numerically calculated 
combustion force has been reported by Boysal and Rahnejat [11,15]. They have 
included the necessary detail to investigate the secondary tilting motion of the piston 
[ 45] and the combined torsional vibration and conical whirling motion of the 
crankshaft [11,21]. The level of detail has included the evaluation of main journal 
bearing hydrodynamic restoring reactions by solving the Reynolds' equation for 
combined entraining and squeeze film motions, calculation of friction torque, 
determination of piston slapping action against the cylinder bore [ 45], piston friction 
and piston compression ring to cylinder wall elastohydrodynamic reaction using an 
extrapolated finite line oil film expression, first obtained by Rahnejat [ 46](see figure 
2.5). The authors have shown that inclusion of such detail can lead to a considerable 
computation effort, requiring several hours of CPU time. However, for the simulation 
study to be of any practical use in industry this level of detail can be viewed as almost 
essential. The authors did not include the effect of component elasticity in their 
model, apart from the elastic contact deformation of mating parts. 
When component elasticity is included in the model, the degrees of freedom are 
increased significantly. Therefore, time for solution of the problem increases and a 
realistic approach calls for omission of some detail, which is deemed as not essential, 
given the primary purpose of a given study. To determine the NVH characteristics of 
the crankshaft one may omit secondary tilting motion of the pistons and ignore the 
likely unstable whirl of the journals, but include the elastic distortion of the latter. All 
other modelling details should be retained. This approach is reported here. 
Torsional vibrations of reciprocating engines arise due to the application of periodic 
combustion forces in the cylinder and the associated inertial forces of rotating and 
articulating members such as the crankshaft, the camshaft and the connecting rod 
[47]. Further contributions occur as the result of eccentric rotation of journal bearing 
supports [10,48] and off-centre rotation of the flywheel. There are clearly other 
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sources of vibration, such as the gear teeth meshing vibrations, for example in timing 
gears or transmission [49], and noise and vibrations generated as the result of transient 
contact dynamics of cam/follower [50-52], as well as from the concentrated contact of 
ball or rolling element bearings to raceways [53,54] in for example larger engines, 
used at the big end. 
At any instant of time the radial component of the piston force is transmitted along the 
connecting rod and is applied to the crankpin. This force tends to pull the crankpin 
away and induces the instantaneous bearing support load. The tangential component 
of the piston force, on the other hand, is utilised in the rotation of the crankshaft. 
With every power stroke the transmitted piston force is initially increased in 
magnitude and is subsequently reduced at the end of the stroke. This action results in 
an imparted twist-untwist action of the crankshaft, causing torsional vibrations to 
occur. In a four stroke internal combustion engine, described in this thesis, the 
fundamental frequency of the applied torque coincides with half the speed of the 
crankshaft and its harmonics are at whole or half orders of the same speed. Therefore, 
there are an infinite number of critical speeds, and in principle high vibratory torques 
may be induced at every one of these frequencies. The generated vibration amplitudes 
can be high enough in extreme cases to cause crankshaft or other engine component 
failures. In practice, however, a few of the critical speeds produce seriously high 
vibratory torque amplitudes [55]. 
Some systems exhibit high vibration amplitudes at unexpected rotational speeds. This 
phenomenon was first identified by Draminsky [55]. Hestermann and Stone [56] have 
pointed out that the cause of unexpected multiples of engine speed is the variable 
inertial effects due to large displacement dynamics of rotating and articulating 
members or uneven cylinder firing. In multiple cylinder engines, cylinder-to-cylinder 
combustion variation can account for some of these unexpected vibration 
contributions. In general, these secondary vibration peaks are attributed to non-linear 
dynamic behaviour of the system's overall inertial variation and the distributed system 
stiffness. 
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A less obvious and less troublesome source of vibratory torque is the imperfection in 
gears [57]. The errors in gears are much too small to produce serious torsional 
vibrations, unless their effect is amplified by resonance. 
There is a large body of literature on crankshaft torsional vibrations at different 
operating conditions. Zeischka et al. [29,30] highlight a multi-body elastodynamic 
model of the crankshaft and the engine block. In their model they made use of finite 
element models of the crankshaft and the engine block which were subsequently 
imported to an overall 4-cylinder engine model, comprising of rigid body 
representation for the connecting rod and pistons. The hydrodynamic journal effects 
were implemented by an impedance method. The impedance charts provided journal 
forces as a function of parameters such as bearing dimensions, oil viscosity and 
eccentricity. 
Katano et al. [42] developed a model for simulating crankshaft NVH characteristics. 
Their method included not only the resonance of the crankshaft but also the flexibility 
and the oil film characteristics of the main bearings. They verified that there is a 
significant correlation between crankshaft behaviour and the rumbling noise and 
estimated the rumbling noise levels for different operating conditions. 
Hestermann and Stone [56] developed a number of models to quantify the effect of 
variable inertia on a single cylinder engine in both time and frequency domains. Their 
work showed that reciprocating engines have the potential to exhibit secondary 
critical speeds due to the frequency intermodulation between the engine speed, the 
natural frequency orders and the forcing frequency orders. 
Song et al. [58] analysed the coupled crankshaft vibration. The coupling effect 
generates high amplitudes of vibrations when the natural frequencies of the torsional 
and the axial vibrations are equal to one another or when the axial vibration frequency 
is double that of the torsional mode. They investigated the torsional-axial interactions 
to clarify some unexpected vibrations of crankshafts. 
Lacy [43] reported a torsional analysis of a 4-cylinder gasoline engine. In this model 
the crankshaft nodes, representing the main bearings, were connected to the main 
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bearing housing by an oil film model, first reported by Kikuchi [44]. This oil film 
model describes the linear and the rotary stiffness and the damping of the oil film. 
The mean eccentricity of each bearing is calculated by a conventional bearing oil film 
analysis at the desired engine conditions. 
Lacy [ 43] assumed a constant journal eccentricity, resulting in an axi-symetric oil film 
constraint. This assumption would hold true at high speeds and under steady state 
conditions. However, transient conditions at all speeds lead to small perturbations 
which can be significant and, thus, a complete solution of journal bearing dynamics 
under rolling and squeeze film action together with large displacement dynamics of 
reciprocating members is desired. With the presence of a torsional damper at the 
front-end main bearing, torsional oscillations of the crankshaft will be different to 
those occurring at the flywheel end. Furthermore, the distributed inertial effect 
exacerbates the non-linear planar motion of the crankshaft at the rear main journal 
bearing (in the vicinity of the flywheel). These conditions can contribute to the 
gyroscopic whirl of the crankshaft at various rotational speeds. The uneven loading of 
the crankshaft main journal bearing supports can also introduce additional nodding 
vibrations of the flywheel as shown by Boysal and Rahnejat [11]. The model 
presented in references [11,15] attempts to highlight the existence of this problem, 
even under rigid body dynamics of the crankshaft. For this purpose a simultaneous 
solution of the rigid body dynamics of all inertial components and the hydrodynamics 
of journal bearing reactions under pure entraining motion and rigid body squeeze 
effect is required. Such an approach is undertaken in this thesis, which also embodies 
the variation of the combustion piston gas force during the compression and 
expansion strokes in the cylinder. 
Simulation of conditions leading to the half engine order contributions, as described 
later in chapters 3 and 4 and noted by March and Croker [4] and Dixon et al [22], 
necessitate the inclusion of component flexibility into the numerical analysis. This 
task is often performed by use of Euler beams, which are massless. Thus, the mass of 
the component is distributed as point-wise contributions, interspersed between the 
described beams. This method for inclusion of flexibility into the analysis is referred 
to as the Transfer Matrix Method {TMM), where the stiffness characteristics of the 
flexible element (i.e. the beam or the field) are given as the influence coefficient 
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matrix elements relating the relative displacement components at the ends of the beam 
in terms of the loads and moments at the same ends (see figure 2.6). The TMM 
method can be extended in a more generalised form to include all the bending 
contributions in the different lateral planes of a beam or rod shaped elements. This 
approach leads to similar stiffness and damping matrices. When these matrices are 
concatonated to form an overall compliance matrix, a dynamic stiffness matrix arises, 
whose elements are functions of frequency. Such an approach has been highlighted by 
Okamura et al [59] and Morita and Okamura [60]. In this approach the crankshaft 
system is conceived as a number of idealised jointed structures consisting of simple 
round rods and simple beam blocks of rectangular cross-section (see figure 2.7). 
2.3- Journal Bearing Dynamics 
One of the key issues in this thesis, and in the complex elastodynamics of the 
crankshaft system is the transient dynamics of the journal bearing supports. In 
particular, two important effects have been observed. Firstly, the elastic deformation 
of the bearing housing under its conformal contact with the journal leads to the 
generation of lubricant pressure, which in turn can lead to failure, either by fatigue 
spalling or in diminution of the gap by depletion of the oil film layer, resulting in 
wear. Secondly, due to the dynamic nature of the transmitted force onto the bearing 
support, an eccentric orbit of the journal can take place, which leads to a whirling 
motion of the flywheel. This problem is more pronounced with the journal bearing 
situated nearest to the position of the flywheel, as shown experimentally by K.inoshita 
et al [23]. Journal stability is an important issue, in that under seemingly unchanged 
load and speed conditions, due to small amplitude vibrations, the journal centre has 
been observed to jump from one position to another, indicating the existence of two 
instantaneous equilibrium positions [61]. Kryniski [9] investigated this effect by 
solving the transient hydrodynamic Reynolds' equation in cylindrical co-ordinates and 
obtaining the hydrodynamic force components by integration of pressure over the area 
ofthe sleeve. He showed that the external force carried by the bearing (e.g. the weight 
of the crank and the instantaneous contribution from the net driving force due to 
combustion) could be balanced in two different positions for certain load and speed 
combinations. As both these positions were stable, this explained the vibrating shaft's 
jumps from one position to the other (see figure 2.8). Figure 2.8(a) shows a 
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hodograph, which is a polar plot of the hydrodynamic force (in this case for a turbo-
generator), constructed as the locus of the end points of the normalised hydrodynamic 
force vectors, all drawn from the centre of the sleeve for a given eccentricity ratio. In 
figure 2.8(b) various bearing load hodographs are shown for different eccentricity 
ratios. For a slight change in the rotational speed the journal drastically changes its 
equilibrium position, previously shown in figure 1.3. In terms of hodographs, these 
instabilities correspond to the intersections between the different polar plots in any of 
the graphs in figure 2.8(b ). 
This effect has been observed, much earlier on and explained through numerical 
analysis for dynamically loaded journal bearings, for example by Pinkus and 
Sternlicht [62], who provided full Sommerfeld solutions for hydrodynamic journal 
bearings (see figure 2.9). The reasons for journal instability were described by them in 
terms of the angle of inclination of the resultant force vector to the line of centres of 
the journal and the bearing. The movement of the shaft centre under the influence of 
the force vector will not be toward the centre of the bearing, because of the angle tjJ 
(see figure 2.1 0). Instead the shaft centre will be forced to move in an orbit around the 
centre of the bearing with a net force F2 , which causes the whirl of the journal centre 
about the centre of the bearing. The whirl frequency is established by the speed that 
the shaft can pump the lubricant around the clearance between the journal and the 
sleeve. Since the bearing sleeve is stationary, and assuming laminar flow conditions 
(to be in-line with the Reynolds' assumptions}, the lubricant is entrained at half the 
surface velocity of the journal. Therefore, the greatest frequency at which the shaft 
vibrates is at half the speed of the shaft [62]. Whilst the existence of this frequency is 
not of major concern in many rotor-dynamic applications, its presence has a 
significant effect in engine dynamics for four stroke configurations, as it coincides 
with the fundamental driving force (i.e. the combustion force) frequency of half 
engine order (i.e. half the crankshaft speed). This effect leads to instability during 
such jumps. Another solution, provided by Kirk and Gunter [1 0,63], gave a 
simultaneous solution of the Reynolds' equation, together with the equations for the 
instantaneous whirl rate and the curvature of the contiguous bodies in contact. They 
showed that as the centre of the journal orbits around the centre of the bearing, it is 
possible to think of the distance of the journal centre from that of the bearing as the 
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radius of the path of travel and the angular velocity of the journal as the whirl 
frequency. Using this methodology, Kirk and Gunter [1 0] provided three dimensional 
plots of pressure profile for given dynamic conditions. Some dimensionless plots of 
the stiffness and damping coefficients for the short bearing were provided, which 
were employed in a linearised stability analysis of the orbiting journal around the 
bearing centre. This approach; providing linearised stiffness and damping coefficients, 
has been used by many researchers in engine dynamics analysis, who were less 
concerned with the non-linear effects introduced by hydrodynamic films. For 
instance, Lacy [43] incorporated the eccentric rotation of the journal around the 
bearing centre with a constant excursion. This can be incorporated as a constraint 
function. However, in practice the eccentricity varies according to the magnitude of 
the load and its angle of inclination to the line of centres (i.e. the line connecting the 
centre of the journal to the centre of the bearing at any given time). 
Martin [64] provided a comprehensive survey of the developments in engine bearing 
design, where the solutions were based upon the transient hydrodynamic conditions, 
given by the solution of Reynolds' equation, mostly for the case of short bearings. 
Among the survey, reference is made to the short bearing solution method provided 
by Booker [65,66]. This method is referred to as the Mobility method, where the 
motion of the centre of the journal with respect to the centre of the bearing is 
conceived as two distinct motions, one due to the squeeze motion in the radial 
direction and the other as the whirl motion. This uncoupling of the combined motion 
has the advantage of providing a rapid solution for transient hydrodynamics. 
However, this assumption, in addition to the short bearing approximation can lead to 
inaccuracies in the prediction of eccentricity and the lubricant film thickness. As 
mentioned in chapter 5, engine bearings actually have width to diameter ratios that do 
not pertain to either short or long bearing approximated solutions. Some early 
solutions for finite width bearings were undertaken in General Motors Research 
Laboratories and at the Glacier Metal Company, referred to by Martin [64]. These 
methods were based on either finite element analysis or two-dimensional solutions in 
finite differences, all of which were compared to approximate curve fit solutions. 
Martin [64] refers to his private communications with Goenka in General Motors and 
depicts some of the GM results to show that for the case of a Big End bearing the 
results of these analyses yielded oil films that were equally well predicted by 
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Booker's short bearing Mobility method. These and the solutions provided by Pinkus 
and Sternlicht [62] and Kryniski [9] do not take into account the effect of deformation 
of the bearing sleeve. With the high generated pressures, the local deformation of the 
bearing surface leads to the promotion of the elastohydrodynamic regime of 
lubrication [67,68]. It is probably appropriate to note that non-steady hydrodynamic 
solutions with turbulent flow have also been undertaken, for example by Capone and 
Russo [69], adopting the short bearing theory for rigid supports. Their findings show 
that instability of bearing orbit can be related to the Reynolds' flow number (see 
figure 2.11 ). This finding adds nothing to the generally observed and numerically 
confirmed knowledge that for certain load and speed combinations unsteady whirl 
ensues. It does, however, serve the purpose of illustrating that a laminar flow 
assumption is sufficient for the purpose of hydrodynamic analysis, an approach which 
is undertaken in this thesis. 
Now returning to the elastohydrodynamic analysis of journal bearings, there have 
been a number of contributions in this regard. One notable contribution has been by 
Xu and Smith [70] who solved the problem of unsteady elastohydrodynamics of the 
conformal contact of the journal to the bearing sleeve. With their two-dimensional 
flexible bearing structure, the elastic deformation of the bearing surface was 
considered as a function of bearing mean pressure at a given bearing angle. This, of 
course, is an approximation. The influence coefficient matrix, referred to as the 
compliance matrix, is calculated using finite element analysis. The method of solution 
used by the authors was Newton-Raphson for the formulation of the Jacobian matrix 
with low relaxation Gauss-Seidel iteration. The authors applied their methodology to 
the case of connecting-rod bearing dynamics. Due to the solution of the elasticity 
problem by finite element analysis, the computation time was found to be quite long, 
typically a few hours on a small personal computer. 
Another solution reported by Chandrawat and Sinhasan [71] took into account the 
contact deflection, by a finite element formulation using Galerkin' s technique. The 
authors obtained the load carrying capacity of the bearing in the radial directions, and 
using these determined the fluid film stiffness and damping in terms of the slopes of 
load capacity with respect to displacement and the velocities of the centre of the 
journal. Using the stiffness and damping matrices, thus obtained, the linearised 
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equations for the free transitory whirl of the journal were established. The results 
obtained using this linearised dynamics analysis showed a greater dependence for 
instability in the journal's orbit upon the out-of-balance mass of the shaft than that 
obtained when a full non-linear analysis was undertaken. This indicated that the 
linearisation of bearing dynamic parameters, often employed in engine dynamics 
studies, can lead to erroneous conclusions. The approach using finite element analysis 
and inertial dynamics yielded high computation times, similar to those reported by Xu 
and Smith [70]. However, with thin shell crankshaft bearings this problem is lessened 
if a column method approximation is used, as in this thesis. The computation time on 
similar machines drops to a few minutes at the most, with no loss of accuracy 
compared with the full solution of the elasticity problem, given that the shell is oflow 
thickness and made of material of a relatively low elastic modulus. 
Another key point is when the journal bearing behaviour is included in a non-linear 
multi-body model of an engine, it forms a module of the overall model. The 
computation time for journal dynamics becomes critical, as this is required several 
times in an iterative manner in many small steps of integration of the overall model. 
The need for fast, efficient, and yet accurate solutions becomes imperative, 
particularly within fast moving research and development work in industry. The 
methodology developed and described later addresses these issues. Full solutions for 
the conformal contact of two solids of revolution; spherical or cylindrical have been 
provided by Paul et al [72,73]. 
The power loss in a journal bearing also plays an important role in the inertial 
dynamics of the system as a whole. This power loss has a dampening effect upon the 
torsional and lateral vibratory amplitudes of the crankshaft system. One approach, as 
proposed by Chandrawat and Sinhasan [71] is to determine the power loss due to the 
pressure loss and turbulent Couette shearing effects. This can be computed from the 
flow rate in the bearing and the pertaining hydrodynamic pressures. On the other 
hand, the frictional losses in the engine bearings account for one of the sources of 
inefficiency in the internal combustion engines. The frictional losses from engine 
bearings are quite important and can be as significant as those attributed to the piston 
assembly or from the valve train system [1]. Nevertheless, oil flow from an engine is 
an important factor in the engine design procedure and it is required in the calculation 
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of heat balance to determine the operating temperature of the engine, as well as the 
lubricant viscosity and density for tribological studies. It is, however, very difficult to 
determine the oil and temperature distribution, and the corresponding friction torque 
from the engine bearings in a "safe" analytical procedure. Therefore, various attempts 
have been made to quantify these using quick estimation methods. For instance, the 
hydrodynamic flow is derived from the short bearing Mobility work of Booker 
[65,66]. Hoshi [74] states the frictional losses from main crankshaft journal bearings 
and those supporting the connecting rods to account for 30%-40% of the total 
frictional losses in an engine. Figure 2.12 shows the frictional contributions as 
evaluated by Hoshi [74]. The reductions indicated in the figure relate to the various 
actions undertaken in the described tests in the same reference, but not seen as 
important in the context of this thesis. Readers should refer to reference [74] to the 
specific actions undertaken. Nagao et al [75] provided a relationship for the frictional 
losses in an engine bearing, being proportional to the various geometrical 
characteristics of the bearing, such as its effective width, clearance and the journal's 
diameter, as well as lubricant viscosity and engine speed. According to their findings, 
it is possible to reduce the frictional losses by reducing the diameter and the width of 
the bearing, whilst increasing the initial clearance. This, of course, will affect the 
rigidity of the support and, therefore, would necessitate the use of higher viscosity 
lubricants, which is not always practical. 
In the engine dynamics analysis, such as that reported in chapter 4, the need for the 
inclusion of bearing friction torque arises, for the reasons stated above. Aside from the 
basic analytical methods described thus far, use has been made of more basic models 
for ease of computation such as those reported by Taylor [76], who employed a 
simple equation for friction torque of a journal bearing based upon the Petrov's 
equation. The Petrov's equation does not take into account the effect of the applied 
load. This means that the journal remains at an eccentric position with respect to the 
bearing centre, but with the space between the journal and the shell taken up by a full 
film of constant viscosity. The assumption is, therefore, rather poor for high loads or 
low viscosity lubricants. 
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Figure 2.6: A three-dimensional beam element 
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Figure 2. 7: An elastodynamic model of a 4-cylinder engine 
(after Okamura et al [59]) 
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Figure 2.9: Unloaded shaft displaced from the bearing centre 
(after Pinkus and Stemlicht [62]) 
Figure 2.10: Loaded shaft displaced from its equilibrium position 
(after Pinkus and Stemlicht [62]) 
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Engine Elastodynamic Analysis 
3.1- Analytical Investigation 
Rigid body dynamic models do not include the effect of component flexibility that affect 
the noise and vibration performance of internal combustion engines. This is an 
increasingly important area for the application of multi-body dynamics. This chapter is 
devoted to the use of multi-body theory in modelling and analysis of internal combustion 
engines. In particular, the elastodynamic response of the crankshaft system is exacerbated 
in diesel engines, due to the high combustion forces involved. These introduce half-
engine order vibrations that are now referred to as engine roughness in industry. 
In order to validate the elasto- multi-body model, the simulated conditions using the 
model described in this chapter have been compared with experimental fmdings and 
analytic calculations. Model validation is an important step in any numerical analysis 
work, as it imparts confidence to the users in employing the model for design of 
experiments that reduce the development time of future generations of IC engines. It is, 
therefore, necessary to revisit some of the fundamental principles of vibration analysis of 
reciprocating engines and provide simplified analytic solutions. This simplified approach 
is then augmented by a more complex formulation of the problem using the multi-body 
approach, and numerical solutions are presented. 
3.1.1- Multi-Cylinder Engines 
In the multi-cylinder engmes, the vertical inertial forces, Fxj, cause a translational 
unbalance. This can be reduced or eliminated by phasing the firing of the different 
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cylinders with the positioning of the crank-pins. This is shown in figure 3.1 for the case 
of a four cylinder internal combustion engine. 
Referring to equation (3.1), the resultant vertical inertial unbalanced force is the sum of 
all the forces, Fx1 • For an n-cylinder engine: 
(3.1) 
where: rp 1 denotes the firing phase for cylinder number j. Note that for a four cylinder in-
line engine: {rp 1} = {0,37r, 1r ,27Z'} r . 
This expressiOn assumes that the translational mass imbalance is the same for all 
cylinders. Normally, rp 1 = 0 and rp 1 for ; > 1 are measured from the position of the first 
cylinder as shown in figure 3.1 for a four cylinder engine. 
The induced inertial torque can also be treated in the same manner. For the case of a 
multi-cylinder engine, the total induced torque becomes: 
T=_!m1r
2w 2 "~ {~sin(wt+rp1.)-sin2(wt+rp1.)- 3r sin3(wt+rp1.)} (3.2) 2 ~;=l 21 21 
The correct choice for rp 1 , j = 1 ~ n can lead to the minimisation of both the vertical 
unbalanced force and the induced inertial torque. 
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3.1.2- Determination of Pitching Moment 
In addition to the above induced forces, there is a pitching moment about the horizontal 
axis (i.e. y-axis ). This is caused by the longitudinal positioning of the cylinders (i.e. in the 
z-direction in figure 3.2, showing a six cylinder configuration). 
The pitching moment for ann-cylinder in-line engine is given by equation (3.3): 
(3.3) 
This expression assumes that all the connecting rods are of the same length and the crank 
throw is the same for all the cylinders. It should be noted that rp 1 = 0 and L1 = 0 (see 
figure 3.2). The pitching moment in the above equation is obtained about the position of 
the first cylinder (which is at the engine front-end). 
This thesis is concerned with four cylinder, four stroke, in-line diesel internal combustion 
engine. Therefore, the analysis carried out henceforth is confined to this engine 
configuration. 
3.2 The unbalanced response of the four cylinder engine 
In a four cylinder in-line engine, the cylinder firing phasing is: 
(3.4) 
Replacing this in equations (3.1), (3.2) and (3.3), the following unbalanced forces are 
obtained in terms of the first order approximation [21]: 
(3.5) 
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(3.6) 
(3.7) 
These equations show that in a four cylinder in-line engine the dominant response 
frequency is the second engine order, 2m , as corroborated by much experimental 
evidence [22,23]. The second engine order appears as the result of the inertial variation in 
reciprocating mechanisms. It should also be noted that the first engine order remains as 
one of the contributions due to the pitching moment about the horizontal axis. 
Experimental evidence (shown in figure 2.1) show that an almost continuous spectrum of 
vibration at whole and half multiples of engine order in a 4 cylinder in-line engine. This 
indicates that there exist other causes that are not indicated by the simplified analytical 
model described above. 
The first engine order contribution is reduced or eliminated by the counter-balance 
masses in the crankshaft system. The second order unbalance is more difficult to deal 
with, requiring counter rotating shafts to operate at twice the crankshaft speed. The 
traditional way of achieving this is to employ the Lanchester balancer [27](see figure 
2.3). 
The trend in the development of future internal combustion engines is to opt for smaller, 
light weight engines with a fewer number of cylinders. This will lead to larger variations 
in unbalanced forces and torques, as shown above. 
The half-engine order responses that are evident in the experimental spectra for the four 
cylinder engine are induced by the four stroke nature of the combustion process. The 
signature of the four stroke process indicates the firing of 4 cylinders in a 720° rotation of 
the crankshaft. This means that half the crankshaft speed is a recurring frequency of 
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dominant nature. The following sections are devoted to the significance of this for the 
noise and vibration concerns with the engine configuration in this thesis. 
3.3- Half-engine order contributions 
The power torque fluctuation can be expressed as a Fourier series, based upon a complete 
engine cycle, which corresponds to a 720° crank angle rotation for a four-stroke engine. 
Therefore, the power torque, ~ can be represented in the form of the k th harmonics of 
the engine cycle frequency (i.e. the ~eh order of engine rotation) as [21 ]: 
n ik(ml-<p) 
~ = LPjke_2 _ 
j=l 
(3.8) 
It can be observed that the power torque is a function of a fluctuating combustion force 
power series, with contributions at all multiples of m (i.e. for all values of k = 1,2,3, ..... ). 
The odd values of k give rise to half order contributions, whilst the even values of k 
yield whole multiples of the crankshaft speed (i.e. the engine order). The whole multiples 
of the power torque accentuate the effect of the induced inertial torque, having the same 
spectral content, except for the half-order responses. It is quite clear that the translational 
imbalance in the single cylinder engine cannot be eliminated, and hence, a host of engine 
order multiples appear in its spectrum ofvibration. 
The simple analysis highlighted above is particularly useful in the identification of the 
spectral contents of experimentally obtained frequency domain responses. The following 
harmonics can be set [21]: 
· k =4m (Even engine orders: k = 4,8,12,16,20, .... ) (3.9) 
k =4m-2 (Odd engine orders: k = 2,6,10,14,18, .... ) (3.10) 
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k =4m-1 (Half engine orders: k = 3, 7 ,11,15,19, .... ) (3.11) 
k =4m-3 (Half engine orders: k = 1,5,9,13,17, .... ) (3.12) 
Using the cylinder phasing, given by equation (3.4), and substituting into equation (3.8), 
the following results are obtained: 
i!:.mt 
T= (p,k + P2k + P3k + P4k)e 2 (fork =4m) (3.13) 
i!f.mt 
T = (p,k- P2k- P3k + P4k)e 2 (fork= 4m-2) (3.14) 
(3.15) 
(3.16) 
If there is no cylinder-to cylinder combustion variation (i.e. pjk = pk for all values ofj), 
the power fluctuations in the equations above diminish, except for even engine orders 
given by equation (3.13). Thus: 
fork =4m (3.17) 
1=0 fork =F4m (3.18) 
It is interesting to note that the primary contribution in torque fluctuations is when 
m = 1, k = 4 which corresponds to the second engine order. The other significant 
contribution is when m = 2, k = 8 . This corresponds to the fourth engine order. The 
higher even order contributions are negligible. The presence of second engine order 
frequency in the power torque output gives rise to excitation of unbalance inertial force 
and torque which have their main contributions at the same frequency. This has been 
shown in the preceding sections in this chapter. One should, however, note that although 
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cylinder-to-cylinder combustion variation is reduced considerably in modern motor 
vehicles, this problem still remains to some extent, and can account for the differences 
between the numerical and experimental spectra 
3.4- Torsional deflection response 
As the cylinder power torques act at the big-end positions of the different cylinders along 
the crankshaft axis, it becomes clear that the cylinder block is subjected to torsional 
deflection with each cylinder's power stroke. In the simplest analysis of this effect 
cylinder blocks may be considered as beam elements. The torsional deflection (i.e. the 
angle of twist), (), for a given beam of length, L, is given by the general torsion formula 
as: 
TL 
0=-
GJ 
(3.19) 
The combined torsional deflection of the cylinder block is induced by the k th harmonics 
of the fluctuating cylinders' power torques as: 
_ "n ~kLj 
()k - L..J j=i GJ (3.20) 
Where, L j denotes the distance from the centre of gravity of the fh cylinder to the point 
of application ofthe corresponding cylinder's power torque along the crankshaft axis (see 
figure 3.2). 
Now considering the case of a 4 cylinder in-line engine, the distance Lj can be expressed 
in terms of the bore centre distance, B (see figure 3.3). Thus, the beam length vector is 
given as: 
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{Li} = B{l5,05,-05,-15)r (3.21) 
Replacing for L i values from the above equation, and for power torques from equations 
(3.4) and (3.8) into equation (3.20), the combined angle of twist can be obtained as: 
Again one can express the contributions in terms of even, odd and half order responses 
as: 
B ;~~ 
(}k =-{15(p1k + P4k) + 05i(p2k + p 3k) }e 2 for k =4m-3 (half orders) (3.25) GJ 
B i~OJI 
(}k =-{15(p1k + p4k)-05i(p2k + p3k)}e 2 fork =4m-1 (halforders) (3.26) GJ 
Again, if there is no cylinder-to-cylinder combustion difference: 
(}k = 0 for k = 4m and k = 4m-2 (3.27) 
Therefore, for identical cylinders' combustion history, no even and odd engine orders 
(i.e. whole multiples of the crankshaft rotational frequency) contribute to the torsional 
deflection modal response of the cylinder block. 
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However, note that for the same condition equations (3.26) and (3.27) have the finite 
contributions as [31 ]: 
B i~(mt+<l>) MpkB i~(mt+<l>) 
e =-(3p +zp· )e 2 = e 2 fork= 4m-3 k GJ k k GJ (3.28) 
(3.29) 
where in the equations above the resultant combustion force is given in terms of its in-
phase (real) and out-of-phase (imaginary) components as: 
(3.30) 
The phase angle <I> , giving the direction of this resultant force to the in-phase component 
is given as: 
(3.31) 
This indicates that the half multiples of engine order act as internal sources of excitation 
with a phase shift of 18°. It should be noted that main contributions occur at ~ , 5; 
. 3m ?m . . ( ) . al . . 
using equatiOn (3.28), and 2, 2 usmg equation 3.29 . It IS so Important to mentiOn 
that experimental evidence has shown that in four cylinder in-line diesel engines 2 ~ and 
3 ~ engine orders have found to be particularly troublesome [22]. 
It should also be noted that in practice there exists some cylinder-to-cylinder combustion 
variation that would give rise to smaller contributions due to even and odd engine orders. 
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3.5 Simplified Analytic Solutions for Six Cylinder In-line Engine 
The firing order for the four stroke, six cylinder in-line engine under investigation in this 
thesis is 1-4-2-3-6-5, where cylinder number 1 denotes the closest cylinder to the 
flywheel position. In this four stroke engine, a cylinder fires for every 120 degrees of the 
crankshaft rotation. Therefore, the phase angle vector for this arrangement is given as: 
{qjj} j=l-6 = {0, 4~ '8~ '2~, 1 0~ ,21l} T (3.32) 
The induced inertial torque applied to the crankshaft for a multi-cylinder engine can be 
obtained analytically as [21,77]: 
(3.33) 
Note that higher order terms, being a product of ascending powers of crank radius to the 
connecting rod length have been omitted in the above equation as the ratio "7 ~ 0.3 . 
Now replacing for the phase angles from equation (3.32) for n = 6, the above equation 
simplifies to: 
(3.34) 
This indicates that the dominant contribution in induced imbalance torque is the third 
engine order, a fact that has been corroborated by much experimental evidence, for 
example by March and Croker [4]. 
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The power torque due to the cylinders' combustion process for a multi-cylinder engine is 
given as [21,24,77]: 
n .k 
"" 1-(0>t-;;) I;.= ~~ke 2 (3.35) 
j=l 
Where the power torque is given in terms of all k th harmonics of the fundamental 
combustion frequency, these being multiples of half-engine order for a four stroke 
engine. Assuming no cylinder-to-cylinder combustion variation, it follows that: Pik = Pk 
for all values of ; = 1-6. Replacing for the phase shift vector from equation (3.32) into 
equation (3.35) it can be shown according to reference [66] that: 
~ = 6Pkei<3kwt) for whole multiples of k (3.36) 
This means that the fundamental power torque contribution is at the third engine order, 
with all other whole multiples of 3m having a non-diminishing contribution. 
The "roughness", referring to half-engine order multiples, observed in experimentally 
obtained spectra relate to torsional-deflection response of the elastic crankshaft system. 
The analytic proof for multi-cylinder engines is provided in reference [21]. For a six 
cylinder engine the resultant torsional deflection of the cylinder head is given by: 
6BPk ;!:.wt (} = -- e 2 for k = 3m 
k Gl 
4iBPk ;!:.wt 
and: ()k = ---e 2 fork= 3m-2 
Gl 
Note that: ()k = 0 for k = 3m -1 
In the above equations m = 1,2,3, ..... 
(3.37) 
(3.38) 
(3.39) 
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It can be observed that half engine order multiples remain, with the highest contributions 
occurring when m= 1 in both equations (3.37-3.38), at 1 ~ and ~ engine orders. 
Other half order multiples at 3 ~ and 4 ~ engine orders exist. Contributions due to 
second, third and sixth engine orders also remain. Therefore, the induced inertial 
imbalance, the power torque and the torsional deflection oscillations exhibit a significant 
number of engine order responses. 
These analytic solutions form a guideline for verification and understanding of the 
numerical non-linear multi-body dynamic analysis. 
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Figure 3.1: Firing order in 4-cylinder IC engine 
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Figure 3.2: Firing order and pitching motion in a 6-cylinder in-line IC engine 
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Multi-body Dynamics of Internal Combustion Engines 
4.1- Introduction: 
Prototype testing has become one of the most time intensive periods within the 
development cycle of a product. Hardware prototyping is now being, in part, replaced 
by virtual prototyping simulation studies. Detailed computer models of complex 
mechanisms are used to accurately predict the behaviour of components and their 
interactions under given operating conditions. Most mechanical dynamic systems 
comprise a multitude of parts or components, which are assembled together by some 
form of "rigid" joints or compliant restraints. These types of models are referred to as 
multi-body system models. 
Computer models are simplified representations of real systems. Therefore, virtual 
prototyping depends on the particular application and on the appropriate use of 
developed models. Once a multi-body system model is created, an important task is to 
verify its underlying assumptions, by simulation studies that enable direct comparison 
with known experimental findings and/or closed form analytic solutions. This is an 
important step in the development and use of any practical computer model, as it 
imparts the necessary level of confidence to its intended users. The creation of such 
verified models brings its use early on in the design and development process, thus 
reducing the time to market for new products. Once a verified model can be employed 
to reduce or eliminate the need for extensive hardware prototyping, a further 
reduction in the product cycle time can be achieved, with corresponding cost 
reductions. Use of such models reduces the "fire-fighting" nature of engineering 
manufacture, particularly in powertrain engineering where many product recalls have 
been experienced due to Noise, Vibration and Harshness (NVH) concerns. A further 
use of multi-body system models is through the Design of Experiments (DoE), carried 
out regularly to refine or optimise certain functionalities (e.g. reduce certain noise or 
vibration levels- as a cost function) [78]. Another significant advantage of the multi-
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body approach is the multi-physics environment that it offers for detailed analysis, 
incorporating, for example, component flexibility, tribo-dynamics, combustion, etc, a 
number of such features have been integrated in a holistic approach to engine 
dynamics problem in this thesis. 
The design requirements in terms of vehicle vibrations demand ever more 
sophisticated tools to include the broadest spectrum of engineers to interact with the 
methodology contained within it. The users should not be constrained to invest a 
substantial learning effort in order to use these tools. This means that the model input 
parameters should represent real physical data such as geometrical dimensions, 
masses, moments of inertia, stiffuess and damping coefficients. 
Considering the presented constraints, the simulation models should be developed 
using powerful simulation software, such as ADAMS. The main reasons for using 
standard computer codes such as NASTRAN or ADAMS is also described by 
Ambrossi [79]. These are: 
- reduction of the need to handle complex mathematical equations, describing the 
dynamic behaviour of systems 
- simple introduction of user defined data including geometric dimensions, masses, 
mass moments of inertia, stiffuesses and damping coefficients. These are easily 
available from drawings of parts or assemblies. 
- sub-division of complex models into various sub-structures or sub-systems in order 
to study a specific part of the whole model. 
4.2 Theory of Multi-body System Dynamics 
The dynamics of real systems such as vehicles are quite complex and highly non-
linear in nature. In particular, large system assemblies often include sources of 
compliance (i.e. stiffuess and damping) and operating conditions such as lubricated 
contacts and combustion processes. The assembly of parts or components, having 
relative degrees of freedom with respect to one another introduce constraints that are 
also represented by complex non-linear functions. The set of equations; the equations 
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of motion, algebraic constraint functions and applied forces/torques require matrix 
formulation for simultaneous solution. Often the resulting matrices are quite large in 
dimensions and include many zero entries. The solution methodology, therefore, 
requires handling of large sparse matrices that cannot be inverted to obtain the 
solution vector due to computational limits. In addition to this, the nature of the non-
linear dynamic problems is such that in many cases a large range of response 
frequencies may exist. Thus, a suitable formulation and solution method must be 
employed in order to obtain the required system response in small discrete steps of 
time. 
The following sections describe in some detail the main features of ADAMS, being 
typical of non-linear multi-body dynamic methodology for solution of large 
mechanical dynamic assembly systems. 
4.2.1 Lagrangian Dynamics 
The historical evolution in generic formulation of equations of motion in the form 
ultimately presented by Lagrange [13] commenced with the laws of motion set by 
Newton [88] in 1687. Newton [88] presented his laws of motion in an axiomatic form, 
keeping to the tradition set initially by Euclid more than two millennia before him in 
the case of geometry. He stated his laws of motion as: 
"Every body continues in its state of rest, or of uniform motion in a straight line, 
unless it is compelled to change that state by forces impressed upon it. "(First axiom). 
"The change of motion is proportional to the motive force impressed; and is made in 
the direction of the straight line in which that force is impressed. " (Second axiom). 
"To every action there is always opposed an equal reaction; or, the mutual actions of 
two bodies upon each other are always equal, and directed to contrary parts. " (Third 
axiom). 
The second axiom can be presented in mathematical form by the familiar expression: 
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F=ma (4.1) 
These laws of motion were presented by Newton as axiomatic, meaning that a 
rigorous mathematical proof is not required as their underlying physics is almost 
intuitive in nature. The proof to these emerged some 100 years later with the use of 
differential geometry by Lagrange [13]. 
The progress in this direction was made by Johann Bemoulli's enounciation of 1717 
[83] that: 
"The work done by the applied forces in a virtual displacement is zero, if the system is 
in state of equilibrium. " 
This concept mathematically translates to: I.F;or; = 0, where or; is the virtual 
i 
displacement resulting from the application of a force F; . 
This concept was further extended to dynamic systems by Jean D' Alembert's 
reasoning that the sum of forces acting on a body results in its acceleration: a
2
; , and 
at 
that an application of an opposite force -m a
2
; would result in a state of equilibrium 
at 
[112]. Thus, he noted that Bemoulli's principle of virtual work applies to all dynamic 
systems. Therefore: 
(4.2) 
The kinetic energy of a body/particle of mass m; is defined as: 
(4.3) 
The velocity term ar; can be defined in terms of generalized co-ordinates, q; , as: 
at 
ar; " ar; aqk c. k I 
-=.t...-- 10r = ~n 
at k aqk at 
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Therefore, the partial derivative of RHS with respect to qk = aqk clearly gives the 
at 
coefficients of the latter in the above equation, thus: 
ar; a11 
-=-
aqk aqk 
(4.4) 
Also, since: r; = f(qk,t), then: 
Now it can show that: 
.. ~ .. ar;o 
m.'"'ur, = :E m.r, qk 
"I k "a qk 
(4.5) 
A typical term of the above summation can be examined, by replacing for the term 
a, 
or; =-1 oqk: 
aqk 
.. ar; d( .ar;) .dfar;) 
m.r,-=-1 m.r,-1-m.r,-1-1 
I I aqk dt \.. I I aqk J I I dt \.. aqk J (4.6) 
Now use equation (4.4) for the replacement of the first term on the right hand side, 
and reverse the order of differentiation of the second term such that:.!!:_ ar; = ar; . 
dt aqk aqk 
Then: 
(4.7) 
Now replacing back into equation ( 4.5): 
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··~ Id BK 8Kfl 
'f. m;r;ur; ='f. l---. -- qk 
; k dt Bqk Bqk 
(4.8) 
Now remember the other term in equation (4.2), i.e.: L.F,.Or; =r5W, where according 
i 
to Bernoulli, this is the work done, then: 
(4.9) 
Where ~k is the generalized force. 
Substituting ( 4.8) and ( 4.9) back into ( 4.2) and singling out for any non-zero 
displacement 8q1 , one obtains: 
(4.10) 
which is the Lagrange's equation for unconstrained systems. 
Furthermore, note that the generalized forces were defined by Euler [80] as the rate of 
change of potential energy as: 
(4.11) 
Thus, the Lagrange's equation for an unconstrained system can be written as: 
(4.12) 
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When constraints are used to form an assembly of parts the reactions introduced by 
these constraints are added to the above equation. 
The equations of motion for each part in the assembly of a system model is given by 
the Lagrange's equation for constrained systems as [13]: 
d ( IKJ OK n a:'k 
-- ---F +I~-=o dt ajj &jj qj k=l &jj (4.13) 
where {qi}i=I-+6 = {q,,qr} = {x,y,z,lfi,B,~}T is the vector of generalised co-
ordinates, with the rotational components given in the Euler's body 3-1-3 frame of 
reference [80]. 
The n constraint functions for the different joints in the engine model are represented 
by a combination ofholonomic and non-holonomic functions as [16,81]: 
[
C, X,]= O,j = 1 ~ 6,k = 1 ~ n 
q, &jj 
(4.14) 
The generalised forces in equation (4.13) act in the direction of the generalised co-
ordinates and preserve the virtual work done by the original force. The original forces 
include weight of parts, the applied directed forces and moments, and reactions 
introduced by restraining elements in the system such as bushings and elastic fields. 
The virtual work for the gravity force acting in the centre of mass of a part is given as 
[82]: 
{OW} = {&j,}r m{g} (4.15) 
And for an applied force F acting at a point Pin {e}, {/J} local frame of reference: 
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where: 
[
COS If/ cosr/J- sinlj/ cosBsinr/J 
[ 1ij] = sin If/ cos r/J + cos If/ cos e sin r/J 
sinBsinr/J 
- coslfl sinr/J- sin If/ cosBcosr/J 
- sin If/ sin r/J + cos If/ cos e cos r/J 
sinBcosr/J 
andj=g, denotes the ground frame of reference. 
(4.16) 
sin If/ sine ] 
- cos If/ sine 
cose 
The coefficient of {q,) r gives the generalised force, whilst the second term provides 
the torque about the centre of mass of the part with the infinitesimal rotation 
{8P} r expressed in terms of the local part frame of reference. The torque contribution 
(i.e. the second term in equation (4.16)) can be given in terms of the global Euler 
frame of reference as: [E]r {e}['F;g]{F}, where [E] is the transformation from the 
Euler-axis frame to the local part frame [21]: 
[
sinBsinr/J 0 
[E] = sinBcosr/J 0 
cosB 1 
Also note that: eAF = {e} {F} and {8P} = [E]{8qr}. 
Similarly, the virtual work done by an applied torque is given by: 
(4.17) 
The generalised torque components are given as the coefficients of the term {&] r} T. 
In a similar manner it can be shown that bushing and field forces (such as Eulerian 
beams) produce generalised forces and moments of the following form [82]: 
(4.18) 
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The reaction forces and moments, introduced by the imposed constraints, are obtained 
in the same manner in terms of the Lagrange multipliers, A.k where the following 
relation for infinitesimal changes should hold: 
(4.19) 
where Ck is a holonomic constraint function. These are the primitive functions that 
ensure positional or orientation conditions. Certain combinations of these form a 
physical joint. The most common types are the at-point or point coincident constraint, 
the inplane and in-line joint primitives, perpendicular axes and prescribed angular 
orientation such as the imposition of parallel axes condition. Coupling constraints 
may also be imposed, relating the position (by a holonomic constraint) or velocity (by 
a non-holonomic constraint) of parts with respect to each other. 
As an example, generalised constraint forces for a revolute joint are described here. A 
revolute joint consists of an at-point and two axes perpendicularity holonomic 
relations. Using the Johann Bernoulli's virtual work principle [83] for an at-point 
constraint, it can be shown that: 
(4.20) 
Therefore, the generalised force for both parts i and j are given as the coefficients of 
the terms {&j,}~i, in other words: {A.}. The generalised constraining torque is 
provided by the coefficient of the terms {&Jr}~i , or: [E]~ i {e;1 i }[T;/j,g ]{A.}. 
For the perpendicular axes there are clearly no generalised constraining forces, and 
the generalised constraining moments on parts i and j are given as: 
[E]~i{ci;/j}[.Ty]{aj/;}{11}. Note that for a eo-directed z axes at a revolute joint the 
vectors {a;} and {ai} yield the conditions: z;.ii = z;·Yi = 0. 
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The formulated generalised forces in the case of body forces, applied forces and the 
constraining reactions can be implemented in equation (4.13). The differential-
algebraic equation set can now be represented as follows [2,12,21]: 
(4.21) 
The matrix on the left hand side is referred to as the Jacobian matrix. 
The applied field element matrices are given as three-dimensional Eulerian beams 
[77,82]: 
EA 0 0 0 0 0 
L 
12£/zz -6EI 
0 0 0 0 zz L3 L2 
0 0 
12ETw 
0 
6Elw 
0 
{e PIT -[n]{ de apr {F,Tf = L3 L2 GJxx 0 0 0 0 0 ' dt' dt 
L 
0 0 
6Elyy 
0 
4Elyy 
0 L2 L 
-6EI 4EI= 0 %% 0 0 0 L2 L 
(4.22) 
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Where, the first matrix is the stiffness matrix and [D] is the structural damping matrix, 
given usually as a percentage of the former (in the range 1%-5% for the crankshaft 
system). 
4.2.2- Solution Methodology 
In general the rigid body equations of motion for each part within the engine model 
can be rewritten as [21]: 
j=1..6 (4.23) 
k=1..6 (4.24) 
Because the translational components of momentum are obtained directly from the 
translational velocities, the six equations generated from Fk can be reduced to three by 
introducing the components of angular momentum in the form: 
(4.25) 
The resulting second order equations of motion can be reduced to a number of 
simultaneous first order equation set in the formq = {v}. Therefore, implementing 
this modification, the number of equations for each modelled system component in 
the multi-body system is 15, and can be represented in a condensed format as: 
F(~,~,A-,t) = 0 (4.26) 
where {~} = {v,q,Mr} and k} = {v,q,Mr}. 
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The algebraic scalar functions for holonomic constraints stated in Section 4.2.1 are 
also included in the condensed format as: 
C(~) = 0 (4.27) 
The set of equations given above include partial differential equations of motion for 
rigid inertial components, algebraic constraint functions, and forcing functions 
representing, for example, in an engine model: journal bearing reactions, piston 
combustion gas force and resistive torque. The solution to this set of equations is 
obtained by implicit integration such that: 
(4.28) 
where J( ~,A,~~) is the Jacobian matrix, {o~,oA.f is the solution vector, with sand 
dt, being a dimensionless scaling factor and the integration variable step size 
respectively. 
The solution is undertaken using Cholesky's LU decomposition technique [84]. The 
order of the equations can be arranged such that a suitable set of pivotal values are 
obtained in the resulting sparse matrix. The solution to this matrix is then obtained by 
a sparse matrix methodology outlined by Pissanetzky [85]. 
The non-linear algebraic equations are solved using the Newton-Raphson method 
which provides an approximation to the characteristic response curve F(s). The non-
linear differential equations are solved by a variable step sized 'stiff integrator 
[17,18]. 'Stiff refers to a set of equations, which provide a slowly changing actual 
solution with an alternative solution operating nearby and subjected to a rapid change 
in its value [86]. This means that the system exhibits widely split eigen values. 
With the multi-body system described by a Jacobian matrix of state variables and their 
derivatives, a Backward Differentiation Formulation (BDF) method of solution is 
employed. The BDF method is based on the predictor-corrector methodology and 
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undertakes the simultaneous solution of the following equations using Newton-
Raphson iterations. 
(4.29) 
~n+1 P( ) a= ((; n+1 ,r; n ,r; n-1 , ••••••••• ,(; n-k (4.30) 
/1r = 3/1 ~ n+1 
':>n+1 a (4.31) 
4.2.3- The Method of Convergence 
The following iterative procedure is employed to obtain the solution point, 
~n+1 t. 
a'r;n+1' • 
• 
• 
At t = t I ' first predict values for ~ n+1 '((; n+1 to fit the historical polynomial: 
a 
p = ( ((; n+i' ((; n' ((; n-1 ' ••••••••• ' ((; n-k) • This part of the procedure is often referred to as 
prediction. The following part of the procedure is used to verify or modify the 
initial prediction as appropriate. It is often referred to as correction. 
The equation of state is evaluated, using the predicted values; ~ n+1 and r; n+1 , to a 
test the condition: 
F(~n+1 r t 1) = 0 a '':>n+1' 
If the above condition is satisfied the predictions are verified (i.e. confirmed), and the 
iterative procedure at t = t 1 is terminated. If not, the procedure is continued. 
• TheJacobianmatrix [3dF/d~+dF/dr;] is evaluated. 
• The Jacobian matrix is factorised to obtain the upper and the lower triangular 
matrices. 
• The set of equations ( 4.29) to ( 4.31) are solved to find the value of 11r; n+I and 
subsequently the new (i.e. the corrected) values of or; n+1 and ((; n+l • 
a 
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The stiff integrator employed is based upon the original integration algorithm 
proposed by Gear [17,18]. 
The stiff integrator controls the integration error associated with each state variable, 
; . According to the Taylor's remainder theorem the principal term in the local 
truncation error in an interval of size dt is given as: 
d (k+l) 
R < ;(k+l). t ._t __ 
k- (k+ 1)! (4.32) 
where (k+ 1) indicates the {k+ l)th derivative term with respect to time and i is a 
multiplier maximising the value of~k+l). During the corrector phase the integrator 
ensures that the largest change in a variable will not exceed error/1000. 
The integration error for a given state variable derivative a; 1 a will be less or equal 
to the state variable error divided by the current integration step size. Similarly, the 
integration error for acceleration and forces will be in the order: ~error/ dt 2 . 
4.3- Multi-body Dynamic Model Description for Four Cylinder Engine 
The Internal combustion engine multi-body model, developed in this thesis, using 
ADAMS (see figure 4.1) comprises an assembly of inertial elements; flywheel, 
pistons assembly, connecting rods, crankshaft, cam gear and the starter motor. It also 
includes journal bearings that provide resistive torque, as well as supporting the 
assembly. The model includes component flexibility for the crankshaft system; crank-
pins, as lumped masses with non-linear elastic fields, as described later. The journal 
bearing supports are considered as thin shell bearings, in-line with their current use in 
modem motor vehicles. This necessitates transient elastohydrodynamic analysis of 
pressure distribution and lubricant film thickness, described in chapter 5. The cylinder 
combustion force is calculated from the cylinder combustion gas pressure, which has 
been measured experimentally by Ford Motor Company (see figure 4.2) and included 
in the model. 
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The assembly of parts has been achieved by the use of holonomic constraint 
functions, provided in ADAMS. The starter motor torque is for the same engine (see 
figure 4.3); a 1.8 litre diesel. Note that the starter motor torque operates for 0.1 
seconds, rising to a value of 300 Nm. The resistive torque is also a measured quantity 
(see figure 4.4), because in addition to the tractive contributions at the journal 
bearings there are other contributory factors such as dry friction in the crankshaft 
assembly. 
All the rigid body inertial properties of the parts; mass and mass moments of inertia 
are given in table 4.1. The stiffuess/damping characteristics of the torsional damper 
are included in the model and are parameterised, thus enabling the information to be 
easily modified to suit different engine designs. The joints and other constraining 
elements in the multi-body dynamic model are given in table 4.2. The table indicates 
the number of constraints imposed by each holonomic constraint in the assembly of 
the model. 
The engine related mass and inertia values of the engine model are shown in 
Table 4.1. 
Part Name Mass (kg) Ixx (kgmm2) Iyy (kgmm2) Izz (kgmm2) 
Piston 1-4 0.5-0.8 500-900 500-900 450-870 
Conrod 1-4 0.8-1.0 2e3 -5e3 400-650 2e3- 5e3 
Crankpin 1-4 0.2-0.5 75-90 75-90 100- 150 
Cam gear 0.03-0.07 1.0-6.0 1.0-6.0 3.5-8.5 
Journal1-5 0.5-0.7 150-175 150-175 200-275 
Webs 1-8 0.5-0.9 450-700 90-200 450-900 
Flywheel 7.0-10.0 2e4- 5e4 2e4-5e4 6e4- 8e4 
Table 4.1: Parts in the multi-body 4-cylinder engine model 
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I Part J Part Constraint Type DOFRemoved 
-
Piston 1 Conrod 1 Revolute 5 
Piston 2 Conrod2 Revolute 5 
Piston 3 Conrod 3 Revolute 5 
Piston 4 Conrod4 Revolute 5 
Piston 1 Ground Translational 5 
Piston 2 Ground Translational 5 
Piston 3 Ground Translational 5 
Piston 4 Ground Translational 5 
Conrod 1 Crankpin 1 In-line 2 
Conrod 2 Crankpin 2 In-line 2 
Conrod 3 Crankpin 3 In-line 2 
Conrod4 Crankpin 4 In-line 2 
Cam gear Ground Revolute 5 
Crank Ground Revolute 5 
Cam gear Crank Coupler 1 
Table 4.2: Constraints in the multi-body 4 - cylinder engine model 
The applied field element matrices, used in the determination of the elastic properties 
of the crankshaft system, as described above are given as three dimensional Eulerian 
beams as in equation ( 4.22) 
4.4 Results and Discussion 
4.4.1 The initial validation process 
The first stage in any multi-body dynamics analysis is the validation of the simulation 
model. In the case of dynamics of internal combustion engines, one can use some of 
the salient features of the output response of the torsional vibration and the inherent 
translational imbalance of the system. These features have been described in chapters 
2 and 3 in this thesis. It has been noted, both by experimental vibration monitoring 
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and through simplified analytic solutions that in the case of 4-cylinder, 4-stroke in-
line engines 15\ 2nd and 3rd engine orders are the primary contributions in the 
translational imbalance of inertial dynamics of piston motion, and even engine orders 
dominate the spectrum of torsional vibrations of the crankshaft system. Therefore, if 
component flexibility, introduced in the aforementioned engine model is to be 
ignored, one would expect the predicted simulation output to conform to these 
findings. A simulation run of the 4-cylinder engine model has been undertaken with a 
rigid crankshaft system for the purpose of validation. Figure 4.5 shows the relative 
translational velocity of the piston with respect to the cylinder bore. The initial portion 
of the figure relates to the translational motion under the influence of the starter motor 
action and prior to the commencement of the combustion process. The piston motion 
then ramps up gradually to its steady state variations, with small perturbations, caused 
by the inertial effects in terms of the 2nd engine order and higher contributions. This 
has been shown in the analytic methods in chapter 3. To obtain a clearer picture, a fast 
Fourier analysis is carried out on the time history of piston velocity (figure 4.5). The 
spectrum in the frequency domain is shown in figure 4.6. It can be observed that the 
main contribution occurs at the engine order; an expected outcome. The main 
secondary effect is at the second engine order due to the effect of variable inertia in 
cycles of piston motion. The other contribution is at the third engine order. One 
should recall from the analytical calculations in chapter 3 that the contributions at 
higher engine orders occur proportionally to the increasing powers of the ratio r I R, 
where R in this case is the length of the connecting rod, and r is the crank-radius. 
Therefore, clearly the contributions at higher engine orders are progressively reduced. 
This is evident from the small contribution at the 3rd engine order in figure 4.6. 
The torsional vibration of the rigid crankshaft system is depicted in figure 4. 7 by the 
crankshaft angular velocity variation. The crankshaft rotates in the clockwise 
direction, thus the reason for the negative values along the vertical axis of the figure. 
If no torsional vibrations were to take place, then the crankshaft velocity would be 
reached without any oscillatory behaviour to a steady state value, in this case to 
around a value of 27500 deg/sec or 480 rad/sec (approximately 4585 rpm). It can be 
noted that the oscillations occur around this steady state value due to the variable 
inertial effect, as well as the dynamic nature of the combustion process. It has been 
shown in chapter 3, through analytical methods, that the main contributory sources to 
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these variations are at even engine orders when no cylinder-to-cylinder combustion 
variation exists. The spectrum of response, shown in figure 4.8, corroborates this, with 
the main contribution at the second engine order, with a small contribution at the 4th 
engine order. This analysis through a simulation run of the rigid multi-body model 
provides the initial verification for the use of the highlighted methodology in this 
chapter. 
The next step in the analysis is to include the practical features in the simulation 
study. An important feature is the inclusion of component flexibility into the model, 
as this plays an important role in the recent trends in engine development, due to the 
increasing use of materials of lighter construction in the crankshaft system. 
4.4.2 The elasto-multi-body dynamics analysis 
A simulation run was undertaken with the multi-body elastic model. The simulation 
run was for a period 0.5 seconds, with 1024 integration time steps. The run time on a 
Pentium PII-366 machine is approximately 2 minutes. The engine conditions are 
governed by the above specified cylinder combustion gas force, culminating in a 
nominal crankshaft speed of 3500 rpm. The actual average angular speed of the 
crankshaft is 3660 rpm, indicating an amplitude oscillation of 127 rpm, which is quite 
significant. These oscillations are due to the various harmonics of the engine order 
vibrations. These can be seen in figure 4.9. It can be observed that the crankshaft 
angular velocity, given in deg/s in the figure rises from a stationary value to the steady 
state conditions after a period of 0.4 seconds. The first 0.1 seconds corresponds to the 
angular motion of the crankshaft, effected by the starter motor torque, before the 
combustion process commences with the cylinder number 2 firing approximately 13° 
after the Top Dead Centre (TDC) position. The cylinder firing order is shown in 
figure 4.1 0. It should be noted that the first 0.1 second in the figure relates to the 
action of the starter motor torque prior to the commencement of the combustion 
process. 
Returning to the effect of torsional vibration upon the unsteady behaviour of the 
crankshaft angular velocity, figure 4.11 shows the spectrum of vibration of the 
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torsional oscillation related to figure 4.9. In the spectrum, one can observe the most 
significant contribution at the second engine order, with lower effects at the 4th and 
the 6th engine orders. This agrees with the previously mentioned analytical results and 
the experimental work reported by Dixon [22]. The resistive torque is a function of 
the angular velocity, as can be seen in figure 4.4. It increases with the rising velocity 
of the crankshaft. It has the same frequency composition. 
The instantaneous net combustion force is the driving force for the engine and is 
shown in figure 4.12. The frequency spectrum ofthis force is a direct indication of the 
inertial unbalance in the system. The contributions of the even engine order harmonics 
are clearly evident, as previously indicated by the analytical method. If a cylinder 
combustion spectrum is investigated, the half-engine order signature becomes evident, 
this being the spectrum of the variations in the firing order plot of figure 4.1 0. 
However, when the overall contribution of the combustion induced torque is 
considered the even engine order contributions remain, as indicated by the spectrum 
of oscillations of figure 4.12 (see figure 4.13) and previously obtained by an analytical 
method in chapter 3. The presence of crankshaft counter-balance masses eliminates 
the primary engine order effect. The primary and secondary engine orders, however, 
dominate in the spectrum of translational unbalance, as in the case of the piston 
velocity (see figure 4.14). This again agrees well with the analytical predictions. This 
also agrees with the results obtained for the case of the rigid-body model, as shown in 
figure 4.6. 
Figure 4.15 shows the bushing reactions, placed at the positions of the supporting 
journal bearings. The bushing stiffness values are equivalent to the journals' shell 
stiffuess. In figure 4.15, the reaction forces are shown in the vertical direction for each 
bush, with the bush placed in the position of the 4th journal bearing nearest to the 
position of the flywheel suffering the greatest load . This occurs with the firing of the 
4th cylinder, giving the maximum value of the reaction in either of the y+ or y-
directions. The reason for this is the elasticity of the crankshaft system and the 
whirling action of the flywheel, the vertical excursion of which is termed the nodding 
action. This motion results in the impact loading of the clutch system that causes the 
translational oscillations of the clamped clutch, creating a noise and vibration concern, 
known as the in-cycle vibrations or whoop as it is onomatoepically referred to in 
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industry [32-36]. The spectrum of oscillatory response of the bushing reaction at the 
4th journal bearing position; figure 4.16 shows the half engine order responses that 
were not present with a rigid body dynamic model of the engine in chapter 3. The 
relationship between component flexibility and engine roughness response, therefore, 
becomes evident. This has been proposed by a number of authors, by observation of 
the experimental results [2,4,21,22], but not been shown hitherto in a fundamental 
analysis as obtained here. To further corroborate this finding, figure 4.17 illustrates 
the nodding motion of the flywheel. This figure also shows the firing order, indicating 
that with the firing of the 4th cylinder the largest excursion occurs in the flywheel 
nodding motion, confirming the above mentioned propositions. Figure 4.18 shows the 
spectrum of vibration of flywheel oscillations. The main contributions occur at half 
engine order (being the forcing frequency), and its higher harmonics. As expected the 
second engine order is quite significant due to the inertial unbalance of the system, 
particularly accentuated by increased imbalance due to the excursions of the flywheel, 
owing to the combined torsional-deflection behaviour of the flexible crankshaft. The 
other half engine orders also appear prominently, because of the same reasons 
indicated by the previously determined elastodynamic contributions, using the 
analytical method. These have also been observed by experimentation [ 4,22,23 ]. 
4.5 Model Description for Six Cylinder Engine 
The multi-body model in this investigation represents a six cylinder four stroke in-line 
engine (see figure 4.19). The inertial components include the pistons, the connecting 
rods, the flywheel, the cam gear, the engine block and the crankshaft. The list of parts 
in the model with their masses is given in table 4.3. In this table, column 1 gives the 
part number for each component. Note that certain parts are repeated a number of 
times in a multi-cylinder engine as in this investigation. 
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Part Number Descriotion Mass~(k;!) 
1 Ground -
2 Flywheel 19.61 
3,8,9, 10. 11, 12,13 Crankshaft (7 pieces) 10.81 
58 Block 
-
59 Cam£ear 0.784 
One per cvlinder 
40,41,42,43,44.45 Piston 9.19 
34,35.36,37,38,39 Connectin£ rod 3.422 
5,24,25,26.27.28 Crank pin a 0.294 
6,29,30.31,32,33 Crank pin b 0.294 
4. 14, 15. 16, 17, 18 Web a 3.435 
7, 19,20,21.22,23 Webb 3.435 
46.47,48,49,50,51 Balance mass a 1.8125 
52,53.54,55,56,57 Balance mass b 1.8125 
Table 4.3: Parts in the 6-cylinder multi-body engine model 
The crankshaft is modelled as a continuous system, comprising point mass-inertial 
elements interconnected by three dimensional elastic field elements. Therefore, each 
crank-pin or web is represented as two concentrated inertial elements, referred to in 
the table as crank-pin a and crank-pin b. The crankshaft is made of SG cast iron with a 
modulus of elasticity of 169 GPa, a modulus of rigidity of 66 GPa and a Poisson's 
ratio of 0.27. The elastic field elements in the crankshaft system are each represented 
by a 6X6 stiffuess matrix. The crankshaft, as a continuous system, undergoes elastic 
deformation, giving the induced shear forces and bending moments in term~ of 
relative displacements between two ends of a crank-pin or web. The bearing shells' 
stiffuess is added in the same manner. 
The stiffuess of the oil film in the journal bearings is in series with the corresponding 
thin shell stiffuess element and at a considerably higher value. This has been shown to 
be true under elastohydrodynamic conditions, where the oil film roof ripple 
oscillations are a fraction of the contact deflection of the mating elastic members 
under load (see for example Mehdigoli et al [87]). Therefore, the stiffuess of the thin 
shell bearing is governed by the shell thickness. Therefore, the need for the inclusion 
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of an oil film module is alleviated. The same is of course not true if hydrodynamic 
conditions prevail. However, most modern cars employ thin shell bearings. The oil 
film contributes to friction torque, acting upon the crankshaft system. This is included 
in the model by a spline function fitted to experimentally measured data. The friction 
torque is initially overcome by the starter motor torque which is also included in the 
model. 
The counter-balance masses are added to the crankshaft system in order to eliminate 
or reduce the primary imbalance at engine order. These masses are also discretely 
positioned in the same manner as described above. 
Joint No. Description Joint Tvoe 
1 En~ine Block to Ground Fixed 
2 Crankshaft to Block Revolute 
3 Flywheel to Crankshaft FIXed 
4-9 Pistons to Block Translational 
10- 15 Connecting rods to Pistons Revolute 
16-57 Webs, Pins. Masses, etc. to FIXed 
Crankshaft 
58 Cam to Block Revolute 
Priml-5 Connecting rods to Crankshaft In-line 
Coupler 1 Dummy cam to Crankshaft Coupler 
Table 4.4: Constraints in the 6-cylinder multi-body engine model 
The various inertial components in the model are assembled by specified holonomic 
constraint functions, a combination of a number ofwhich represent a practical joint. A 
list of the joints in the multi-body model is given in table 4.4. In this table, column 1 
gives an identification number for a given joint. Column 2 gives the location of the 
assembly site. Column 3 indicates the type of joint employed. 
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4.6 Analysis for Six Cylinder Engine 
A multi-body engine model thus established can be employed for some practical 
simulation studies. These may include verification studies in respect of conceptual 
designs, prior to physical prototype testing. These can encompass parametric studies, 
for example in relation to the determination of the required starter motor torque for a 
given resistive friction torque produced by supporting crankshaft engine bearings. The 
analysis can be extended to bearing selection and crankshaft structural flexibility for 
optimisation studies in striking a balance between reducing powertrain weight, whilst 
guarding against noise and vibration concerns emanating from the lowering of 
torsional deflection and bending modes of the crankshaft system. 
The most important step in such studies is the initial model validation against 
experimental spectra and known simplified analytic solutions, such as those 
highlighted in chapter 6. This thesis presents simulation results, related to this 
important step in multi-body modelling of internal combustion engines. To carry out 
this task the model, highlighted in section 4.5 is subjected to a simulation study for a 
period of 2 seconds with 2048 steps of simulation. The validation process is carried 
out in the frequency domain. To avoid aliasing the spectral content up to a frequency 
of approximately 250 Hz can be relied upon with such a sample size, according to the 
Nyquist criterion (i.e. half the actual sampling rate). Therefore, the applied 
combustion force time history in each cylinder must be either monitored 
experimentally or evaluated numerically in a correct manner to match the simulation 
study. This leads to a given engine speed for a specified starter motor torque and a 
corresponding resistive friction torque. In the current study an experimental measured 
combustion time history is employed in all cylinders. Figure 4.20 shows the cylinders' 
firing order. The starter motor torque applied at the onset of simulation for a period of 
0.1 seconds, from a magnitude of 1000 Nm in the clock-wise direction is shown in 
figure 4.21. Figure 4.22 provides the spectral content of the applied cylinder 
combustion force, showing the prominence of the half engine order contribution at 
12.5 Hz for the four stroke process, and all its higher harmonics up to the 5 ~engine 
order at 137.5 Hz. 
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The interest in this simulation is to ascertain the torsional-deflection modes of the 
crankshaft system. For the conditions depicted in figures 4.20 - 4.22 the crankshaft 
clock-wise rotation commences from rest to reach a steady state mean angular 
velocity of 157 rad/s, as shown in figure 4.23. The small perturbations at the steady 
state conditions have in fact a peak-to-valley oscillation amplitude of 1.5 rad/s (see 
figure 4.24) (i.e. a fluctuation of approximately 14 rpm, representing a deviation of 
± 05% ) from the nominal steady state conditions. Such conditions are in fact fairly 
typical in four stroke gasoline engines, leading to small torsional deflection 
contributions, which are nevertheless quite significant in a number of ways. Firstly, 
they lead to NVH concerns, progressively viewed in the industry as a key refinement 
issue. Secondly, their action, coupled with the bending modes in-plane and out-of-
plane of the crank-throw lead to conical whirling motion ofthe flywheel, particularly 
with lighter engine materials and thin bearing shell deformation. This problem can 
lead to an assortment of clutch and drivetrain NVH problems (for example see Kelly 
et al [32-36]). The spectral content of the crankshaft rotational speed is shown in 
figure 4.25. Note that the main contributions occur at the 1.5, 3rd, 4.5, 6th and 7.5 
engine orders. This is in-line with the analytic solutions in chapter 3, indicating a 
verification of the numerical method. These results also agree with a similar 6 
cylinder in-line spectral content, reported by March and Croker [4]. 
The conical motion of the flywheel has been investigated by Kelly et al [32-36] as a 
major clutch system axial vibration issue, with its root cause found to be the firing of 
cylinders nearer to the flywheel position. This problem leads to tactile vibration at the 
clutch pedal during the engagement and disengagement processes, as well as noise in 
the footwell area. In their case, they have shown both experimentally and by 
numerical prediction that the problem in 4 cylinder diesel engines occurs with the 
firing ofthe 3rd and particularly the 4th cylinders. In the case of the 6 cylinder gasoline 
engines this problem manifests itself to a much lesser extent, owing to the lower 
combustion forces in gasoline engines. However, the problem still remains as a 
concern to powertrain engineers. The so-called "flywheel nodding motion" occurs as 
a result of elasto-multi-body dynamics of the flexible crankshaft system. This is 
shown in the zoomed plot in figure 4.26 for the case under investigation here. The 
peak- to- valley amplitude of vibrations is approximately 0.02 mm. This value is a 
fraction of the case in diesel engines; found to be in the region of 0.1 mm for 4 
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cylinder 1.8 diesels by Kelly [35]. Nevertheless, the flywheel motion with this 
amplitude and at the fundamental combustion frequency of half engine order 
represents a repetitive Dirac-type impact function into the drivetrain system that 
induces an assortment of noise and vibration problems. Figure 4.27 shows the 
spectrum of flywheel nodding motion, indicating the half engine order contribution 
and all its harmonics, as anticipated. Furthermore, figure 4.28 illustrates that the 
problem is particularly poignant with the firing of the 4th cylinders being the closest 
cylinder to the flywheel position in the model denotations. The firing order is 
indicated by cylinder numbers in the figure. The flywheel nodding acceleration is 
superimposed upon the cylinder firing order, showing a maximum peak-to-valley 
oscillation of approximately 32g for cylinder 1 closest to the flywheel position 
70 
Chapter 4: Multi-body Dynamics of Internal Combustion Engines 
Piston 
Figure 4.1: The multi-body 4-cylinder IC engine model, devised in ADAMS 
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Figure 4.2: Experimentally measured cylinder combustion pressure cycle 
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Figure 4.17: Flywheel nodding with engine firing order 
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Figure 4.19: The 6-cylinder elasto-multi-body dynamics model 
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Chapter 5 
Elastohydrodynamic Lubrication in Conformal Contacts 
5.1- Introduction 
In the previous chapter, in the multi-body dynamic models of the multi-cylinder 
internal combustion engines, the crankshaft journal bearing supports have been 
represented by bushing elements, whose stiffuess matrices have been calculated 
according to the elastic properties of the bearing shells. Therefore, the oil film 
characteristics have been ignored in chapter 4. However, the applied load on each of 
the crankshaft bearings has been obtained in the analysis presented there. The history 
of the variation of the applied load on each of the bearing shells is due to the forces 
generated in the combustion process and those induced by inertial unbalances in the 
system (all of which have been described in the previous chapter). The load variation 
on each journal bearing is the same as the bearing reaction by virtue ofNewton's third 
law of motion [88]. Therefore, one can use the loading data as an input to a 
programme that numerically predicts the lubricant film thickness and the 
corresponding pressure distribution in the journal bearing, the integrated value of the 
latter being equivalent to the applied load, according to the load balance (which is 
described later on in this chapter). Another input to the numerical programme for the 
evaluation of film thickness and shape is the eccentric motion of the center of the 
journal (i.e. the crankshaft) with respect to the geometric center o.f the shell. This 
eccentricity has been obtained in chapter 4 for each value of the applied load 
(previously described) and passed on as an input parameter to the lubrication analysis 
in this chapter. 
The following sections cover the fundamentals of hydrodynamic lubrication theory, 
leading to the application of Reynolds' equation to the conformal contact 
configuration in journal bearings. The theory is then extended to allow for the elastic 
distortion of the journal bearing shell due to the generated lubricant pressures. This 
condition is referred to as elastohydrodynamic lubrication. The bearing shells in 
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modern internal combustion automotive engines are made of thin shells of materials 
oflow elastic modulus such as Babbit. 
5.2- Theory of Hydrodynamic Lubrication 
5.2.1- The Derivation ofReynolds' Hydrodynamic Equation 
When a lubricating fluid is pulled into the converging wedge between a pair of 
contiguous bodies in contact due to their entraining action, there is a build up of 
pressure in the fluid across the contact domain. The pressure gradient becomes quite 
high in the vicinity ofthe exit region of the contact. The pressure at the outlet is low, 
when compared to the region just prior to it. The fluid is, therefore, pushed out in 
order to maintain the condition for continuity of flow. Osbome Reynolds first 
established the mathematical description for this physical phenomenon in 1886 [89]. 
The derivation for the hydrodynamic action of the fluid flow equation (known as the 
Reynolds' equation) is based upon simplification of the generalized flow equations of 
Navier-Stokes [90,91]. 
The Navier-Stokes equations are derived by applying Newton's second law of motion 
to a small element of fluid, enclosed in an arbitrary volume in fixed space. The stress-
strain relations in fluid action in terms of velocity deformations results in the 
derivation of the most general form of Navier-Stokes equations of motion for a 
Newtonian fluid in Cartesian co-ordinates. This can be expressed as [91]: 
pVu=F - 8p +~{21] 8u +~(8u + 8v + 8w)}+~{7J(8u + 8v)}+~{7J(8w + 00)} (5.1) 
X & & & & cy & cy cy & & & & 
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where, V is the Stokesian derivative that gives the variations of the flow terms with 
respect to time: 
a a a a V =-+u-+v-+w-Bt Bx ay Bz (5.4) 
In the above equations, the terms on the left-hand side represent the inertia terms , 
whilst those on the right-hand side describe the viscous flow terms, the body forces 
and the pressure terms acting on the element of fluid. 
The flow continuity equation that imposes the conservation of mass is given as: [91]: 
ap a a a 
- +-(pu )+ -(pv) +-(pw) = 0 
at ax ay az (5.5) 
In order to obtain the hydrodynamic flow equation in a narrow convergent gap, the 
following assumptions were made by Reynolds [89]: 
1) The viscosity and the density of the fluid are considered to be constant. This 
assumption holds for iso-viscous conditions, where the hydrodynamic pressures 
are relatively low, so that the effect of pressure on the bulk physical properties of 
the fluid (such as its density and viscosity) can be ignored. This enables the above 
equations to be simplified to: 
(5.6) 
(5.7) 
(5.8) 
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2) For incompressible fluids such as mineral oils the dilation term is ignored, thus: 
(5.9) 
3) Due to the small size of the element of fluid, its inertial properties are negligible, 
when compared to the contributions made by the shear deformation terms in the 
Navier-Stokes equations. Therefore: 
"Vu = "Vv = "Vw = 0 (5.10) 
4) The effect of body forces (such as the gravitational effect) on a fluid element is 
considered to be negligible. Thus: 
(5.11) 
When the above assumptions are applied to the Navier-Stokes equations, the 
following special forms of the equations are obtained: 
(5.12) 
(5.13) 
(5.14) 
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5) The pressure gradient across the fluid film in the z-direction neglected, because 
the lubricant film is very thin, therefore: op = 0. 
oz 
6) An order of magnitude analysis can be carried out to show that the variations of 
velocities u and v with respect to z are large compared to all other velocity 
gradients. This is because of the geometry of the contact domain. Hence: 
(5.15) 
7) The fluid film entraining velocities need not change in direction, as the principal 
radii of curvature of the contacting solids are large compared to the dimensions of 
the contact. 
8) It is assumed that no slip occurs between the solid surfaces in pure entraining 
motion. This means that at the boundaries between the lubricant film and the 
solids: 
z=O; 
z=h; u =Us and V=Vs =0 (5.16) 
where, z in the above equation represents the distance between the two bodies (A and 
B) from a fixed datum, and u and v are the surface velocities of the solids in the x and 
y directions respectively. 
9) All transient effects are ignored. 
When the above assumptions are applied to equation (5.12-5.14), the following 
equations result: 
(5.17) 
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(5.18) 
The above two equations can be integrated twice with respect to z to solve for the 
velocity distributions in the x and y directions, whilst employing the boundary 
conditions as outlined in assumption 8. Once the velocity distributions are obtained, 
they can be coupled with the continuity of flow equation to derive the Reynolds 
equation in two-dimensions as stated below. 
(5.19) 
The first two terms on the right-hand side are known as the Couette terms, describing 
the film action in a convergent gap. These terms are functions of the average 
velocities in entraining motion, including side-leakage. These average velocities are 
given as: 
(5.20) 
The last term on the right-hand side is due to the contribution of squeeze film action, 
taking place due to the mutual approach or separation of contacting solids, along the 
z-direction. This term is known as the squeeze term (also known as the squeeze 
velocity term, i.e. the rate of change of central film thickness with respect to time). 
5.2.2- Reynolds' Equation in Cylindrical Co-ordinates 
This thesis is concerned with the conformal contacts such as in journal bearings. For 
determination of pressure in conformal contacts, it is most convenient to represent the 
Reynolds' equation in cylindrical co-ordinates. In the case of a journal bearing the 
entraining motion takes place in the circumferential direction between the rotating 
journal and the stationary bearing shell. This is denoted by the variable; ~ . The axial 
direction in the bearing, is denoted by the variable; y. The average flow velocities in 
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the contact are given by equation (5.20), where A denotes the journal surface and B 
refers to the shell surface. Therefore: 
Bcp By 
UA =r-,u8 =0,VA =-,V8 =0 ar at (5.21) 
The shell is stationary, and the velocity of the journal is dependent on the rate of 
change of its angular disposition (i.e. its angular velocity). The velocity of the flow in 
the axial y-direction is the side-leakage, if the flow along the journal could take place. 
This is not the case in practice. Therefore, the Reynolds' equation in cylindrical co-
ordinates can be obtained by substitution of the above, in addition to: x = rt/J. Thus: 
(5.22) 
In the case of engine bearings subjected to applied loads, obtained in chapter 4, the 
generated hydrodynamic pressure (as shown later) is insufficient to significantly 
change the density and the viscosity of the lubricant. This, of course, is not the case in 
concentrated counterformal contacts; as in the case of gear teeth meshing or ball and 
rolling element bearings, where the generated pressures are an order or two orders of 
magnitude higher. The variation of density and viscosity, in highly loaded contacts 
with pressure are given below: 
For density, according to Dowson and Higginson [93]: 
- 1 0.009p p = + __ __.:;.__ 
1+0.026p 
(5.23) 
And for viscosity, according to Barus [94]: 
(5.24) 
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Taking into account the above observations, density can be ignored, viscosity can be 
replaced as T/o and By= 0. Therefore, the Reynolds' equation in cylindrical co-
at 
ordinates for iso-viscous rigid conditions is: 
Where: a~ = ~ = (J) c ' this being the crankshaft angular velocity. 
at 
(5.25) 
Lubricant flow in engine journal bearings can be subject to high rates of shear. This 
means that the N ewtonian rheological model employed here, based upon the use of 
Barus [94] viscosity variation with pressure can lead to inaccuracies in prediction of 
lubrication conditions, particularly at high lubricant entraining action. A non-
Newtonian analysis may render more accurate estimation of film thickness. Recent 
analysis of physics of motion of lubricant through similar conforming contacts by 
Balakrishnan [113] has shown the fluid flow to be rather stagnant in the high pressure 
regions of the contact, as well as only slight rise in lubricant viscosity, almost within 
the iso-viscous region of its behaviour. These arguments point to the validity of 
Newtonian viscous flow behaviour. In fact, Balakrishnan [113] has shown that the 
prevailing conditions, particularly with thermal expansion of adjacent solids leads to 
the improved contact contiguity, and thus a corresponding reduction in the generated 
pressures, making the iso-viscous elastic mechanism oflubricatiob dominant. 
For thin shell bearings, the shell deflects under generated pressures. This means that 
the prevailing conditions pertain to iso-viscous elastic, where the lubricant film 
thickness is given by an elastic film shape function. 
5.2.3- The Elastic Film Shape 
The elastic film shape refers to the profile of the film, around the journal. This takes 
into account the undeformed gap size (i.e. the clearance between the journal and the 
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shell), and the elastic deformation of the shell. Figure 5.1 shows the journal in an 
eccentric position, indicated by the eccentricity e (i.e. the distance between the center 
of the shell, 0' and that of journal, 0). The generated pressures depend on this 
eccentricity, the angular velocity of the journal and the viscosity of the fluid (see 
figure 5.2). 
The lubricant film is indicated by h, which must be determined in terms of the 
geometry of the bearing. Since the film thickness is small relative to the radius of the 
journal, the curvature of the lubricant film can be neglected. Therefore, the film shape 
can be unwrapped from around the journal and viewed as a periodic stationary profile 
with the wavelength 27Zrb [5] (see figure 5.3). Referring back to figure 5.1, it can be 
seen that [ 5]: 
1 
cos/]= -{h +r+ ecos(n- -~)} 
R 
Therefore: h = R cos f3 - r + e cos~ 
{5.26) 
(5.27) 
Using the sine rule: sinp = es:~, then: cosp = ~l-sin2 p = 1-(;J sin2 ~ 
This can be substituted in equation (5.27) to result in: 
{5.28) 
The first term on the right-hand of the above equation can be expanded, using the 
binomial expansion. Additionally, the clearance is: c = R - r . Therefore, equation 
(5.28) becomes: 
{5.29) 
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The ratio iR_ is very small; of the order of 0.00 1. Furthermore: e =% is in the 
range: 0 5 e 5 1. Hence: 
(5.30) 
This is the hydrodynamic rigid film shape equation. Since the bearing shell, 
particularly in modem engine bearings is thin and made out of material of relatively 
low elastic modulus, it deflects under the effect of generated pressures, particularly in 
diesel engines when combustion forces are quite considerable (see chapter 4). The 
effect of deflection of the shell must, therefore, be included in the film shape: 
(5.31) 
This equation is referred to as the elastic film shape equation. 
The elastic properties of the shell determines its stress-strain relations, as: 
{CT} = [D]( {c}- {c0}) + {CT0} (5.32) 
Where the elasticity matrix [D] can be obtained simply from the usual isotropic stress-
strain relations. For the general stress-strain relations, following the method 
highlighted by Lekhnitskii [95], ignoring initial stresses and strains and taking z as the 
direction normal to the surface of the shell: 
(5.33) 
(5.34) 
(5.35) 
-{2(1+v)} Yry- E Txy (5.36) 
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1 
Y:u=GT:u (5.37) 
1 
Yyz = G Tyz (5.38) 
Thus, for an isotropic material the equations (5.33)-(5.38) can be inverted and placed 
into equation (5.32) to obtain the various elements of the stress tensor. The elasticity 
matrix provides the influence coefficients. Hence: 
1 ii-v ii-v 0 0 0 
ii-v 1 ii-v 0 0 0 
£(1-v) ft-v ii-v 1 0 0 0 
D (5.39) 0 0 0 1-2~ 0 0 (1 +v)(l-2v) 2(1-v) 
0 0 0 0 1-2~ 2(1-v) 0 
0 0 0 0 0 1-2~ 2(1-v) 
The deflection component due to the generated pressures can be simplified by 
assuming that the local deflection at any location is affected only by the element of 
pressure directly acting above it. The effects of other pressure elements are thus 
ignored. This assumption is valid for thin shells made out of materials of low elastic 
modulus. Therefore, the element of the above matrix, of interest here, is the (3,3), and 
u z = - p . Furthermore: & z = t5 , with d being the thickness of the shell. Therefore: 
d 
0 = (1- 2v)(1 +v)d p 
E(1-v) 
Therefore, the elastic film shape is given as: 
h (1 _ "') (1- 2v)(l +v)d =c +ecos., + p 
E(l-v) 
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The pressure distribution and the corresponding lubricant film thickness is obtained 
for the iso-viscous elastic (i.e. thin shell elastohydrodynamic) condition by a 
simultaneous solution of the Reynolds' hydrodynamic and elastic film shape 
equations i.e. equations (5.25 and 5.41). 
5.2.4- The Method of Solution 
There are a number of approaches for the solution of journal bearing problems, in 
order to obtain the generated pressure distribution and the corresponding oil film 
thickness. The latter is the most important parameter for safe operation of the bearing, 
guarding against metal-to-metal contact and ensuing wear. The integrated pressure 
distribution is the lubricant film reaction, which can also determine the attitude angle, 
this being the direction of the reaction vector from the lateral vertical direction. 
The analysis can be based upon an analytical approach, in which one may consider 
steady solution to the problem, under which condition the journal is subject to a given 
steady load. The eccentricity remains unchanged and the solution becomes much less 
arduous than the practical case where the applied loads vary, leading to changes in the 
eccentricity between the journal centre and that of the bearing shell. The solution for 
dynamically loaded journal bearings must take into account the rate of change of 
eccentricity and the continually changing attitude angle. 
In both cases; steady loaded and dynamically loaded journal bearings, analytical 
solutions are made possible by a number of approaches. Firstly, either a full 
Sommerfeld or half-Sommerfeld condition are assumed, leading to a full 2tr or a ;r 
film around the circumference of the journal (see figure 5.4), also shown in an 
unwrapped representation in figure 5.5. The Sommerfeld conditions determine the 
boundary of the solution. Furthermore, the bearing may be assumed to be either 
infinitely long (i.e. with an infinite width) or infinitely short (i.e. with a negligible 
width). This means that the two-dimensional Reynolds' equation can be reduced to a 
one-dimensional analysis, either ignoring the rates of change along the width of the 
bearing (in they direction - for infinitely long bearings) or in the circumferential 
direction (in the rp direction - for infinitely short bearings). Both these facilitate 
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direct integration of the Reynolds' equation twice, applying either full or half 
Sommerfeld conditions to obtain the pressure distribution in a hydrodynamic analysis 
(i.e. ignoring the elastic deformation of the shell). These approaches have been 
highlighted by Hamrock [5] and Cameron [68], among many other contributions. 
It has been shown that for diameter-to-width ratios less than 0.5 the infinitely long 
bearing assumption holds fine. A good estimate of lubricant film thickness and 
generated pressures can be obtained for bearings having diameter-to-width ratios 
greater than 2, when the short bearing approach is adopted. Of course neither of the 
approximation methods are entirely satisfactory, since no bearing has an infinite width 
or indeed a negligible one. This has led to the use of numerical methods for the 
prediction of pressure distribution and the corresponding lubricant film thickness. 
Furthermore, many bearings have diameter-to-width ratios that fall between the above 
stated limits, for which a one-dimensional solution of Reynolds' equation lead to 
erroneous estimates. Hamrock [5] has highlighted a method of numerical solution for 
hydrodynamic bearings that are dynamically loaded (i.e. under transient conditions). 
His method is extended in this thesis to the investigation of thin shell journal bearings 
under elastohydrodynamic regime of lubrication. Sections below outline the method 
of solution employed in this thesis. One should note that Sommerfeld boundary 
conditions do not apply to cavitating films. Thus, in this thesis the Reynolds' 
boundary condition is applied, as described later in this chapter. 
This thesis is primarily concerned with multi-body dynamic analysis of internal 
combustion engines. Previous models reported in literature have approximated the 
behaviour of the engine bearings by spring-dashpot elements or the reaction force as a 
function of the Sommerfeld number, providing the force value from a published table. 
Although these approaches are appealing due to computational simplicity, they are 
fundamentally flawed. Hamrock [5] among others has shown that representation of 
bearings by linear springs and dashpots is not appropriate. Journal bearings cannot be 
treated in this manner, as the restoring lubricant force is not linearly dependent on the 
displacement or excursion of the centre of the journal from the centre of the shell, nor 
is it collinear with the direction of displacement. This has been discussed above. Fluid 
film damping is also highly non-linear and significant in the dynamics of the system. 
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(a)- Finite Difference Discretisation: 
The Reynolds' equation is discretised by finite differences and solved by Gaussian 
elimination with Gauss-Seidel iterations [19], using an over-relaxation factor. The 
discretisation of the left-hand side terms in the Reynolds' equation is based on the 
central difference scheme (because of enhanced numerical accuracy), whilst the 
Couette flow term, on the right-hand side, is discretised by the backward difference 
scheme (which caters for improved computational stability). 
Figure 5.6 shows the computation domain, where the shell has been unwrapped. 
The terms in the Reynolds' equation (5.25) are discretised as follows: 
1 [(h;+l,j + hi,j ) ... ) (hi.j + hi-l,j ) ... )~ 
= l:l.~2 2 ri+l.j - P;.j - 2 ri.j - P;-l.j J (5.42) 
= ~~2 [(hi+t,j + hi,j )P;+t,j -(hi+t,j + 2hi,j + hi-t,j )P;,j +(hi,j + hi-t,j )P;-t,j] 
1 [(hi.j+l +hi,j)... ) (hi.j +hi.j-1)... )~ 
= D..l 2 ri.j+l - Pi.j - 2 ri.j .-Pi.j-1 J (5.43) 
= ~l [(hi,j+t +hi,j)P;,j+t -(hi,j+t +2hi,j +hi.j-t)P;,j +(hi,j +hi.j-t)P;,j_J 
2 ( 8h J 2 OJ c ( ) 127]0r OJ - = 127]0r - h . . -h. 1 . c 8~ . . D..~ ,,, ,_ ,, 
I,J 
(5.44) 
The time rate of change of the elastic film shape, referred to as the squeeze film action 
is defined by a first order approximation as: 
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8h. . h~. - h~-:1 1,) 1,} 1,) 
= ____;;:...____.;.:;_ 
at M 
(5.45) 
Replacing these terms in the Reynolds' equation, the following discretised form is 
obtained: 
Where, F;,i is the discretised Reynolds' equation. 
(b)- Method of Solution 
The following terms are defined: 
1 ~(3 3)~ A .. =-- h. . +h .. 
l,j 211~2 I+l,j l,j (5.47) 
1 ~(3 3 )~ B .. =-- h .. +h . . 
1,) 211~2 1,) 1-l,j (5.48) 
1 ~(3 3)~ c..=-- h.. +h .. 
1,] 211y2 l,j+l 1,) (5.49) 
1 ~( 3 3 )~ D .. =-- h. .+h .. 
1,] 211y2 1,) l,j-l (5.50) 
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(5.51) 
(5.52) 
The iterative recursive equation for pressure is thus obtained as: 
A.[RH .. -A .. p?l. -B .. p?+ll" -C . . p?. I -D .. p?+.ll +E .. p? .] n+l n I,J I,J I+ ,J I,J 1- ,j I,J l,j+ I,J l,j- I,J I,J 
P;,j = P;,j - E . . 
'·' 
(5.53) 
A is an over-relaxation factor, usually in the range 1.7-1.9. Its value is set at 1.85 for 
the analyses highlighted in this chapter. 
(c) Boundary conditions 
A 2tr film computational domain in the circumferential direction is assumed, with the 
axial domain extending to ± L . The pressure values are set to zero at the edges of this 
2 
boundary. Reynolds' condition is used at the exit boundary. This is accepted as the 
most valid boundary condition for cavitating fields. The same is not true of 
Sommerfeld condition, which is therefore not employed in this analysis, but often 
employed in the analytical solution of journal bearing conditions. The Reynolds' 
boundary condition is: p = dp = dp = 0. In numerical teims, this translates into 
dy drp 
equating all negative generated pressures to zero. 
(d) The convergence criteria 
The convergence criteria includes both pressure and load convergence. For pressure 
convergence the following condition is employed 
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n+l n 
P;,i - ;i.i ~ 0.1 
P~-: 1,] 
(5.54) 
If the above condition is not satisfied, then the iteration index is updated by one and 
the entire elastohydrodynamic numerical procedure is repeated as described in the 
previous section. It should be noted that all negative pressure elements are discarded 
as they represent suction, thus: if P;,j < 0, then P;,j = 0. 
Once all the pressures satisfy the condition, given by equation (5.54), then load 
convergence criterion is applied. The bearing reaction is obtained in terms of its 
contributions in the two radial vertical transverse directions: X and Y, as: 
F,r = L.'f.p .. cos~ . . R!:l. .. !:l. = R!:l._.!:l. L.'f.p .. cos~ .. 
. . 1,] 1,] I" y I" y . . 1,] 1,] 
I J I J 
(5.55) 
Fx = '[.'[.p .. sin~ . . R!:l. .. !:l. = R!:l._.!:l. L.'f.p .. sin~ .. 
• • 1,] 1,] I" y I" y . . 1,] 1,] 
I J I J 
(5.56) 
In the above expressions the contribution of each converged pressure element, acting 
on an elemental area !:l.;!:l.y at a circumferential position ~i.i (see figure 5.2) to the 
generated reaction is calculated. The resultant bearing reaction is obtained vectorially 
as: 
F = Fy sin If/+ Fx COS If/ (5.57) 
Where: 
(5.58) 
This is the angle that the resultant vector makes with the radial vertical direction (see 
figure 5.2). 
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For load convergence the generated bearing reaction must reach the applied load, 
obtained in chapter 4 as the induced load on the bearing by the combined effect of 
combustion induced force and the inertial dynamics of the system, within an 
acceptable limit of convergence. The following relationship is used: 
(5.59) 
If the above condition is not satisfied, then the value of e in equation (5.41) is 
adjusted with the use of the following relationship: 
-n+t _en (F)d 
e ---
c w 
(5.60) 
The power index d is a damping factor with the value in the range -0.05 ~ -0.01. 
5.3- Results and Discussion 
Two conditions for thin shell engine bearings are investigated. Firstly, the behaviour 
of the bearing, nearest to the position of the flywheel (i.e. the 4th main support 
crankshaft bearing) is investigated in the case of a diesel engine, with a maximum 
generated combustion force of 42 kN. This induces significant torsional-deflection 
modes of vibration of the crankshaft system. Secondly, and in contrast to the diesel 
engine, the journal bearing characteristics under dynamic conditions in a six cylinder 
gasoline engine are studied. The maximum combustion force here is 25 kN. The 
conditions pertaining to the 6th crankshaft bearing are highlighted here, this being the 
bearing closest to the position of the flywheel as defined in a six cylinder engine. 
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5.3.1- Journal bearing dynamics in four cylinder diesel engine 
The elastic deflection of the bearing shell results in the bending of the crankshaft at its 
supports which manifests itself as the conical whirling motion of the flywheel, 
referred to as wobble with its oscillatory component about the horizontal lateral axis 
termed as the nodding motion of the flywheel. This nodding motion is usually given 
in tenns of the axial displacements of a point on the surface of the flywheel in contact 
with the friction lining pads on the clutch friction disc (i.e. the mean radius of the 
friction disc lining). Figure 4.13 (see chapter 4) shows the time history of the flywheel 
nodding. Two important points should be noted. Firstly, the peak-to-valley amplitude 
of oscillation is approximately 0.3 mm, which is significant. The spectrum of 
oscillations is shown in figure 4.14 (see chapter 4). The dominant effect of half engine 
order is noted, with all its higher harmonics. The main inertial imbalance contribution 
at second engine order is observed, together with the main contributions due to 
1 1 1 . 
torsional-deflection modes at 12, 2 2 and 3 
2 
engme orders, observed under 
experimental conditions [21-24]. 
It is also of practical interest to obtain the oil film thickness and pressure distribution 
under various conditions in the fourth journal bearing, nearest to the flywheel. These 
are clearly calculated in each time step of simulation, as the use of the column method 
enables their rapid evaluation. 
Figures 5. 7 and 5.8 show the central oil film thickness profiles at the engine speed of 
3500 rpm and at journal reactions 1.5 kN and 10 kN respectively. The parameters 
related to this journal bearing are: shell thickness of2.5 mm, with the journal radius of 
r=30 mm, an initial clearance of c=r/1000= 30,um,and a bearing diameter to width 
ratio of 1.67. This condition necessitates the two dimensional solution to the 
Reynolds' equation. The journal is made out of SG cast iron, with the shell being 
Babbit, the corresponding materials' moduli of elasticity being: 120 GPa, and 60 MPa 
respectively. 
Note that the minimum central film thickness has decreased from a value of 1 OIJ.m to 
31J.m with the increasing bearing load from 1.5 kN to 10 kN. The three-dimensional 
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oil film shape is shown in figure 5.9. It should be noted that the figure depicts an 
inverted film shape in order to note the dip in the film thickness, indicating the 
minimum oil film thickness at the rear exit. The corresponding three dimensional 
pressure distribution for the severe case of 10 kN reaction is shown in figure 5.10. The 
maximum pressure occurs when the bearing reaction is 10 kN with a magnitude of 
approximately 23 MPa, this being within the normal operating specification of the 
bearing. 
At the lower engine speeds the cylinder combustion force is reduced. For instance, at 
the engine speed of 1200 rpm, being near the idling speed of the engine, the load 
carried by the fourth main crankshaft engine bearing near the position of the flywheel 
is 7 kN, when the peak combustion gas force occurs around 13° past the location of 
the TDC. The bearing load is reduced to around 3 kN at the BDC for the same speed. 
Figure 5.11 illustrates the three dimensional pressure distribution at the BDC location 
(i.e. with the journal load being 3 kN), the central cut of which is shown in figure 
5.12. The maximum pressure is in the region of 4 MPa, which is considerably below 
the worst conditions reported above at 3500 rpm, in the vicinity of TDC and with a 
bearing load of 10 kN. Figure 5.13 is a three-dimensional representation of oil film 
thickness. Again a region of the minimum film thickness is evident with the dip in the 
lubricant film shape. A cut through the centre of contact going through the region of 
minimum film is shown in the two-dimensional film shape of figure 5.14. At a first 
glance this two-dimensional film shape appears to nearly conform to a hydrodynamic 
profile. This, of course, is not the case in this elastohydrodynamic contact. To 
highlight this point, a comparison can be made with the case of central film thickness 
profile for the case of 1.5 kN at the crankshaft speed of 3500 rpm. The film thickness 
in that case should be somewhat higher than the case under investigation here (i.e. 
1200 rpm and 3 kN bearing load), since in the previous case a higher speed of 
entraining motion is encountered. However, the conformal contact of thin shells is 
quite sensitive to the magnitude of load, even though under elastohydrodynamic 
conditions sensitivity to load is much less pronounced than that to entraining motion. 
In the case with the higher bearing load the lubricant film thickness still exhibits a 
minimum of approximately 11 J.lm, due to increased contact elastic deformation, when 
compared with that at the higher speed of entraining motion. 
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Figures 5.15 and 5.16 show the three-dimensional and the centre cut pressure profile 
for the crankshaft speed of 1200 rpm with the bearing load of 7 kN, corresponding to 
the peak combustion pressure. Again at the first glance, the pressure distribution 
shape in figure 5.16 is similar to the familiar hydrodynamic variation. This is, of 
course not the case as the elastic film shape through the centre of contact and the 
minimum exit illustrates in figure 5.17. The dip in the oil film thickness at the 
minimum exit is evident, giving a thickness in the region of3-4 J..Lm. 
5.3.2- Results of journal bearing dynamics in a six cylinder gasoline engine 
Increasingly crankshaft bearings with thin shell configurations made of materials of 
low elastic moduli are employed in modem engines as a part of a drive in the 
construction of light-weight engines. One adverse effect of this approach is the 
manifestation of torsional deflection and bending motions of the crankshaft system at 
these locations, resulting in the aforementioned nodding motion of the flywheel, a 
consequence of which is the clutch whoop problem. The flexure of the bearing shell is 
quite complex and leads to an elastohydrodynamic regime of lubrication in the 
support bearings under transient conditions. The method of solution for the Reynolds' 
hydrodynamic equation and the elastic film shape is the column method, which 
assumes that the deflection at any location in the shell is dominated by the lubricant 
pressure element acting directly upon it (see the preceding sections). In the previous 
section, the solution is undertaken for the lubricant reaction acting in the vertical 
direction, whilst the shell deformation is due to an aligned pressure distribution, 
ignoring the small slope along the width of the bearing. However, due to the conical 
whirl of the crankshaft the flywheel shell deformation takes place in the radial and 
along its axial direction. The resulting three dimensional pressure distribution is 
skewed, yielding high pressures at the extremities of the shell width when the shaft 
undergoes dominant vertical oscillations due to fluctuations in the combustion gas 
force. The slope of deformation is worst for the shell bearing nearest to the flywheel. 
Figure 5.18 shows the misaligned three dimensional pressure distribution at the 
maximum cylinder combustion force, resulting in a combined vertical and moment 
loading of the shell bearing with a magnitude of 10 kN. The shell is 3 mm in 
thickness, the radius of the journal is 30 mm and the lubricant film thickness under 
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static equilibrium is 30 J.Lm. The maximum pressure has occurred in the direction of 
the sloping crankshaft towards the flywheel location, indicated by the edge of the 
shell (i.e. the zero axial position). This is more clearly seen in figure 5.19, being the 
pressure isobar plot, with the maximum pressure of 16 MPa. The circumferential 
direction is the direction of entraining motion (i.e. shown as unwrapped in all these 
figures). Figure 5.20 shows the corresponding lubricant film thickness with a 
minimum value of 4 J.Lm in the vicinity of the maximum pressure value. Note that the 
slope of the deformed shell bearing has resulted in an axial film variation from 17 Jlm 
at the unloaded end to 4 J.Lm at the tilted loaded end near the flywheel position. 
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Figure 5.1: Eccentric position of the journal in the bearing casing 
' '- F"llm pressure, p 
Figure 5.2: Pressure distribution and film shape in a journal bearing 
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Figure 5.3: The unwrapped representation of the film shape 
Figure 5.4: The extent oflubricant film 
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Figure 5.5: The extent oflubricant film shown in an unwrapped representation, with 
pressure supply pockets 
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Figure 5.7: Central oil film thickness profile for the bearing load of 1500N(BDC) 
(Bearing nearest to flywheel in 4-cylinder diesel engine) 
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Figure 5.8: Central oil film thickness profile for the bearing load of 10000 N (TDC) 
(Bearing nearest to flywheel in 4-cylinder diesel engine) 
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Figure 5.9: Three-dimensional lubricant film thickness for bearing load of 10000 N (TDC) 
(Inverted film shape shows the dip in the region of minimum oil film thickness) 
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Figure 5.10: Three-dimensional pressure distribution related to figure 5.9 
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Figure 5.11: Three-dimensional pressure distribution for a bearing load of 
3 KN (BDC) and engine speed of 1200 rpm 
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Figure 5.12: The Central contact pressure distribution, corresponding top 
figure 5.11 
125 
7 
-1 
E 
:; -3 
c 
(.U 
u 
·c 
.g -4 
...J 
-5 
0.04 
Chapter 5: Elastohydrodynamic Lubrication in Conformal Contacts 
400 
0.02 
0.01 
Width of bearing (m) 0 0 Angle of bearing (degrees) 
Figure 5.13: Three-dimensional inverted film shape for bearing load of3KN (BDC) and at the 
engine speed of 1200 rpm 
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Figure 5.14: Central film shape, corresponding to figure 5.13 
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Figure 5.15: Three-dimensional pressure distribution at the bearing load of 
7 KN (TDC) and at the engine speed of 1200 rpm 
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Figure 5.16: Central contact pressure distribution corresponding to figure 5.15 
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Figure 5.17: The central elastic film shape through minimum exit film, corresponding to 
figure 5.16 
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Figure 5.18: Three-dimensional pressure distribution for the main crankshaft journal 
bearing nearest to the flywheel under misaligned condition (including crankshaft slope 
and bending), 6-cylinder gasoline engine 
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Chapter 6 
Experimental Verification 
6.1- Introduction 
In this chapter the numerical predictions obtained through the use of the four cylinder, 
four-stroke diesel have been compared with the experimental findings obtained at 
Ford Werke, AG, Germany. Comparisons have been carried out for the 1.81 diesel 
engine, which is used in some of the Ford vehicles, including Fiesta, Galaxy and 
Mondeo models. The results of analysis for the six cylinder in-line gasoline engine 
model agrees with the overall findings for such engines and has been compared in 
previous chapters with the work reported by March and Croker [4]. 
In any experimental verification of the numerical results a number of key parameters 
are employed. In this case the conical whirling motion (see figure 6.1) of the flywheel 
is selected as the main parameter for the purpose of comparisons. The reason for this 
has been outlined in some detail in Kelly [35], whose research has been concerned 
with a clutch related noise and vibration concern, referred to in industry as ''whoop". 
Whoop is an onomatopoeic term used for the response of the clutch system during the 
clutch engagement or disengagement, and not when fully engaged or disengaged (see 
figure 6.2). Therefore, "whoop" is an in-cycle event (i.e. it takes place during the 
clutch actuation) [34,96]. Some investigators, therefore, refer to this problem as in-
cycle clutch vibration. 
Detailed investigations by Kelly et al [32-36] have shown that there are a number of 
causes that induce "whoop". These include some internal physical attributes of clutch 
system components, such as the stiffuess properties of the clutch cover and the 
damping behaviour of the clutch actuation cable in cable operated mechanical 
clutches. In addition to these the firing of cylinders, close to the position of the 
flywheel, cause elastic deformation of the crankshaft system, which leads to the 
conical whirling motion of the flywheel itself (see figure 6.3, in the engine 
configuration, these refer to cylinders 3 and 4). Subsequently, impacts occur between 
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the flywheel and the pressure plate through their contacts with the friction disc, 
positioned in between them. Kelly et a/ [32-36] have shown that the frequency of 
impact loading of the clutch system is at the combustion frequency of half engine 
order, this being the fundamental signature component in the four-stroke combustion 
process, alluded to in chapter 1. 
Referring back to figure 6.3, the increased acceleration in the path from clutch lever to 
the pedal indicate ''whoop", with firing of cylinders 3 and 4. 
The "whoop" problem has been found to be significant with diesel engines, owing to 
the much larger value of peak combustion forces, when compared to the gasoline 
engines. Typically, the combustion force in the case of the former is two to three 
times higher than that of the latter. 
The investigations by Kelly [32,35] and Kelly et a/ [33,34,36] pointed to the 
significance of the role of engine dynamics, particularly with the modern engines, 
which employ materials of lighter construction that undergo greater structural 
deformation, when subjected to these loads. This point has also been elaborated upon 
in chapter 1. Furthermore, the use of thin shell journal bearings in the modem motor 
vehicles has exacerbated the situation, whilst clearly the reduction of engine weight 
remains a priority for developments into the future in order to reduce the inertial 
imbalances in the system. 
Therefore, the need for the development of detailed ·multi-body modelling 
methodology for analysis of engine-induced vibrations, alluded to in chapter 1, has 
become apparent in a tangible and practical manner. It should be noted that the 
"whoop" concern has serious cost and business repercussions, not only for the Ford 
Motor Company, but as shown by Kelly [35] for the motor industry as a whole. Kelly 
[35] has shown through detailed analysis that almost all vehicle manufacturers have 
the same ''whoop" problem and have taken remedial actions through palliation at a 
considerable cost in order to mask the problem (see figure 6.4). The cost to the 
European industry per annum is estimated to be in the region of£ 10 M, and this does 
not include the lost custom due to returned vehicles. 
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The research project, reported in this thesis, commenced parallel with the efforts by 
Kelly [35] to highlight the problem and find a root cause solution through 
fundamental research, rather than a "fire-fighting" measure. This thesis contributes in 
this direction and, therefore, it is only apt to verify the numerical results obtained 
against experimental work carried out by Kelly et a! [36,78]. 
6.2- Experimental investigations 
This section briefly highlights the experimental work carried out by Kelly [35] and 
Kelly et a! [34,97]. For a full description of this, one should refer to Kelly [35]. Here 
the emphasis is put on the motions of flywheel, obtained by non-contact sensing and 
comparison of these with the numerical predictions, highlighted in chapter 4 for the 
case of the same engine (i.e. the 4 cylinder, in-line, 4 stroke, 1.81 litre Ford diesel 
engine). 
The experiment reported below relates to direct monitoring of an actual vehicle (i.e. 
not a test rig) and in situ. The vehicle used was a Ford Fiesta 1.81 litre diesel, which 
has four cylinders in an in-line configuration, with four-stroke combustion process. 
This is incidentally the exact configuration as the multi-body model presented in 
chapter4. 
In Kelly's experiments [35], the flywheel motion was measured during the clutch 
engagement and disengagement, since during these operating cycles the flywheel 
moves with respect to the pressure plate lift. Impact loading of the assembly takes 
place during these actions. The flywheel motion is a complex conical whirling action. 
Kelly et al [97] refer to this motion as the "nodding" motion of the flywheel. This is in 
fact one component of the complex locus of the whirling action, being the vertical 
displacement of any given contacting point on the flywheel with respect to the friction 
disc surface. Such contact points are designed to occur at the mean radius of the 
friction disc, as shown by Centea [98]. Centea et a! [99,100], who also numerically 
investigated the ''whoop" problem, developed a multi-body dynamic model of a 
mechanical cable operated clutch system, and concluded that "whoop" is an axial 
vibration of the clamped clutch system. His source of excitation was an impact load of 
very short duration, which excited the various translational vibration modes of the 
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clutch system. In a way both Centea [98] and Kelly [35] viewed the "whoop" as an 
axial vibration. However, this thesis has shown that flywheel motion is a complex 
axial, bending and torsional deflection problem, the combined action of which is 
referred to as conical whirl. In a recent article Kelly et a/ [101] have arrived at the 
same conclusion. 
To measure the flywheel motion, three non-contact eddy current probes were 
employed by Kelly [35] at 120° to each other as shown in figure 6.5. These probes 
were calibrated to directly measure the displacement of the flywheel at their 
respective positions. As the flywheel underwent oscillatory motion, the gap between 
the sensors' heads and the flywheel surface altered and the amount of displacement 
was recorded. Therefore, the principle of measur~ent by the eddy current probes 
was based upon the alterations in the capacitance of the gap between the probe head 
and the target surface, in this case the flywheel surface. The measured displacement 
was the change in the gap size along the local direction normal. To ensure this, the 
sensor was positioned accurately and in close proximity of the flywheel. Therefore, 
these probes were regarded as proximity devices. 
Figure 6.6 shows the movements of the flywheel from the three aforementioned 
sensor positions when the pistons; 1-4, were in the vicinity of their Top Dead 
Centre(s) (TDC, 1-4). It should be noted that the three sensors did not measure the 
same normal displacements of the flywheel surface excursions simultaneously, due to 
the complex motion of the flywheel. It can be seen that when the cylinder No.4, 
closest to the flywheel position fired, a maximum deflection of the order of 0.3 mm 
was observed at the engine speed of 2000 rpm. The figure also shows the measured 
knock signal (due to the instance of firing) in the vicinity of TDC and the 
corresponding piston acceleration. The flywheel "nodding" motion was almost 
unaffected by the firing of cylinders 1 and 2, as shown in the figure. 
The same tests were also carried out by Kelly [35], using a Mondeo, at different 
engine speeds; one at an idling speed of 800 rpm, and the other at 3500 rpm, where 
higher combustion forces showed exacerbated conditions (see figures 6. 7 and 6.8). It 
can be observed that the flywheel oscillations were much larger in peak-to-valley 
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amplitude in the case of the latter, showing much greater vibration levels with pedal 
travel in both the release bearing and the clutch cable. In fact the accurate 
measurements showed "nodding" amplitudes in the range 0.05 mm - 0.3 mm in the 
speed range 800-4000 rpm respectively. The amplitude at the speed of 3500 rpm, in 
the case of the Mondeo was reported by Kelly [35] to be 0.24 mm. 
6.3- Comparison between numerical predictions and experiments 
Referring back to figure 4.17 in section 4.4, the predicted flywheel "nodding" motion 
with cylinder firing can be seen. As the cylinder 4 fires, the maximum amplitude of 
oscillation is observed. This value is found at the engine speed of 3500 rpm. The 
maximum peak-to-valley amplitude is around 0.3 mm. This conforms well with the 
Fiesta experimental results, indicating an amplitude of 0.3 mm (see figure 6.6) at the 
lower speed of 2000 rpm. The corresponding spectrum of vibration is shown in figure 
4.18, which confirms the dominance of the half-engine order, as well as the second 
engine order inertial out-of-balance contribution for the 4-cylinder configuration. This 
finding has also been confirmed by Kelly et a/ [39,97] in a recent investigation of 
"whoop" phenomenon (see figures 6.9 and 6.10). In figure 6.9, the spectrum of 
vibration of the "whoop" response shows all engine order contributions from half-
engine order and its multiples, the second engine order being the dominant 
contribution as highlighted on the figure. It can also be observed that all spectral 
components are significantly enhanced during engagement and disengagement. Figure 
6.10 shows the auto-correlation analysis for the forcing contribution (i.e. due to 
engine combustion). The dominant role of half engine order is evident, and clearly 
marked on the figure. All these findings correspond directly to the numerical results, 
as portrayed in figure 4.18. 
Kelly [35] found that the extent of flywheel "nodding" action remains almost the 
same in the speed range 2000-4000 rpm (0.2-0.3 mm), where the propensity to 
"whoop" remains at its maximum. It should also be noted that exact agreement is not 
possible due to the following reasons: 
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• Firstly, the sensor measurement deviates from the actual values, when due to 
the "nodding" motion of the flywheel the sensor attitude to the flywheel 
surface makes a small angle to the ideal direction normal. 
• Secondly, it is impossible to include a number of features in the numerical 
model, due to difficulties in measuring such quantities as dry friction, piece-to-
piece manufacturing variations, anisotropy in components' compliance 
(stiffuess and damping characteristics) and other such seemingly spurious 
effects. The model incorporates the ideal functions of the engine components 
in a mathematical sense. Nevertheless, the degree of conformance of the 
numerical predictions to the experimental findings is quite remarkable for such 
complex constrained flexible multi-body system with highly non-linear 
characteristics. 
The error in prediction is 0.06 mm, as described above, representing a 20% 
divergence. One should also note that the sensors used have a measurement resolution 
of 40mv/mm (i.e. 0.0025 mm), which is accurate enough for practical purposes, but 
not of the same order of accuracy as that of the numerical method employed which 
has a displacement convergence limit of 0.001 mm. More accurate and especially 
configured eddy current probes have been used by other researchers, mostly in spindle 
monitoring field, for example with a measurement resolution of 40 mv per 1Jlm (2.5 
nm) by Lynagh et a/ [102,103] or Vafaei and Rahnejat [104]. Other investigators in 
the field, have not hitherto reported good agreement with experiments to this extent. 
The whirling motion of the crankshaft is as a direct result of the elastic distortion and 
lubricant film action in the journal bearings. For the simulation conditions, reported in 
chapters 4 and 5, in the case of the four cylinder in-line diesel engine, the 4th journal 
bearing's maximum reaction is 10 kN. This corresponds to the maximum combustion 
force in the 4th cylinder of 42 kN at 13° past the TDC (see chapter 4). In chapter 5, the 
lubricant pressure distribution and film thickness have been obtained for this 
condition, as well as for the other extreme condition with the minimum 4th journal 
bearing's reaction at 1.5 kN, in the vicinity of the BDC. These results provide 
additional information, not hitherto included in other multi-body engine models. 
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Figure 6.3: Vibration path response with cylinder firing 
(after Kelly and Rahnejat [33]) 
• 
/ 
------,.,.-/ /' Peugeot 
/ 
.... 
........ 
' . .._,. 
I -~ 
~ ,. - .!0!2- - , - ..... ,., l 
~· ..... - . , . - -vw - a , ,_-... __ ,. 
•J _,. ---- •••••• ,., ...... . 
• • • • • • • • • • Opel 
50 100 
Pedal Travel % 
Figure 6.4: Range of vibration measurement ofbenchmarked vehicles 
(after Kelly et al [101]) 
140 
Chapter 6: Experimental Verification 
Flywheel 
Pos. 1 
• 
y 
+ Pos.3 X • 
Figure 6.5: A plan view of the flywheel surface with position of 
non-contact vibration monitoring eddy current probes 
Flwheel Position 1 (mm) 
Flwheel Position l (mm) 
Flwheel Position 3 (mm) 
Top Dead Signal (v) 
4th Cyclinder (g) 
\ 
tdc4 
I 
I 
l 
' 
I 
tdcl 
' 
t 
• 
tdc 1 tdc 3 
I t 
I I ' I 
. . ri I 1 ...... , , ..... h, ....... -tt. f 
'"' 
. . . 
• 
' Hw· 
Figure 6.6: Axial flywheel vibration at 2000 rpm at the clutch disengagement point 
(after Kelly et al [101]) 
141 
l. 00i'········'···':····J. : pe da 1 ··•···•···•···•········:··•···•···•···• ... • ...•..... , .....•...•...•.............. ,,........................ ······•···•···················'···········'·············· 
I ! l I I I I I . I ! ..... : .. , =· •••• ; ••••• I ..... : ..... ! ...... : .... ! ..... : .... .L ..... : .... ; .. , .. : ..... ! ...... : ..... ~- .... : .... ,., ........... . ! : . : . : . i . i . i . ! . i . : . i 
= ·_ ..• ~ _! __,; _ ..• r i,, i i i i-~- : i i :. 
0,; .... .: ........................... : ............. _ ........................... -......................................... : : : . : . 
5-2 r···········:····7 : r. 1 y~hee 1 PO" .1 I [ .... , ······- -·········:··-····r-="":"''1'"""'""'"'"=""'r"'"''=:~""""'"'="""~"'"""=i=="'"'":-··-···l 
'
' ...... :. . . . ' . : ....... ..J,..._..,:..:,......,._;~-.;..... ........ ...flo-.~-........ ~ ' . ; .. ' ..... ; . ' ... i' ... ' ·:· . " 
~ i ~ ~ .. 5~~ 1====~s-=·.~.1'.·y.·-Jheet"···po~··; ... ;;.ot====r====f=====l=========i="=========~==!=======l=============~========r=+=========<~_====J.======] 
..••••••. ·=· . • . • .. . 
; 
: 
_.,5~~ ~========~====;o··:~i;;;J;;ee·f···pok··:·:;_i [";:;;;:;;·~·::::::::::~:::::::::::~===========~======~========i=====~=::::::::~:::::::::::L:::::::::::!:::::::cJ.:::::::::)=======~""""J ! . I . . I . . I . ! . I . . I . . 
: : : . . : : : 
.......... ·:· ....... . 
• i- • 
_.,i~~r========!====6:·te .. ias~b.,a'Mni··ac~:-····;g~======j=======\=====t=====~=====r===:====t====~========r==~========"1. 
: ....... ,. ''"'''"~"'l"+;•t '"+'"f"to"+ •.Y•+••t~• ~· ~ ,,, ".-..... ~ r "" , • .;... ... ~ .. N ·, , ... ~,.r~•·•• ,, .. ~, ..... ·~ ,.,,,.,.,,~ "" .... ~ ......... ; ,.., .,..,~,, ''' ,.,·.t'"t"l -1r!!~========L:;;:.l .... J .."L ....... ~.b;;;;.J--... ,i,,,,,,,i.,,,,,,,,,L,,,,::,,,~,,,,,J.=========~====i=========!========J,,,,,,,,,,j,,,,,,,,,,,,,L,,,,,,,,!,,,=~============I 
~-+~*~*~~tt~·~ ! . i . i . ! . i . 
-l. s ~ ............. i ............. I.. ........... L .......... l ............. L .......... .l ............. L ........... I.. ........... L .... : ...... .j. ............ :, ............ L ........... : ............. l ............. : ............. l ............. : ............. L ........... : ............. , 
3 .72 5 .85 s:ec 7 .99 
Figure 6.7: Axial flywheel motion during clutch pedal travel 
(engine speed= 800 rpm, Ford Mondeo) (after Kelly [35]) 
() 
::r 
Q) 
"'C 
ar 
..., 
~ 
m 
X 
"'C (1) 
::::!. 
3 
(1) 
::::s 
-~ 
~ 
::::!. 
::!I 
£ 
-c:r 
::::s 
.1.00"""""""'"""""""""""""" 
-.1.5~ .............. ~ .............. :: ............................. ~ ............................. ~ .............................. : ............. ,_ ............. +··· .. ···· .................... : ............................. ~ ........................................................... : ............................ , .. j 
5. 
Figure 6.8: Axial flywheel motion during clutch pedal travel 
(engine speed= 3500 rpm, Ford Mondeo) (after Kelly [35]) 
() 
::r 
ID 
"0 
ro 
..., 
m 
~ 
"0 
CD 
::::!. 
3 
CD 
::J 
nr 
~ 
..., 
::5 
£ 
.-o· 
::J 
Chapter 6: Experimental Verification 
4. 
3. 
2. 
1 .. 
disengagement 
.4 
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7.1- Summary and Novelty of Research 
This thesis has highlighted a practical and pressing issue of current concern in the 
automotive industry. The problem is the increased noise and vibration concern in 
powertrain systems related to the contribution of engine "roughness". This term 
defines the combined torsional-deflection modes of flexible rotating inertial elements, 
exacerbated in recent years due to the use of materials of lower elastic moduli than 
those used in earlier times. This trend is due to a deliberate development drive 
towards increased fuel efficiency, by reducing the vehicular system inertia. It has been 
conceived that components' weight reduction has the additional advantage of reduced 
inertial imbalances, thereby minimising the powertrain Noise, vibration and harshness 
(NVH). However, recent investigations, particularly of an experimental nature, have 
shown that elastodynamic behaviour of flexible members in fact have led to a plethora 
of NVH concerns, with a significant cost implication for the industry on a global 
scale. This thesis has highlighted some of these concerns such as the in-cycle clutch 
vibration, referred to as "whoop". 
The increased engtne power output, particularly with diesel engines, and in the 
presence of lightweight structures has also brought about structural integrity 
problems. Many problems of this nature have been overcome by the use of light, but 
strong materials such as metal matrix composites (i.e. with high strength to weight 
ratios). However, for some key components, the lack of fundamental knowledge has 
led to the persistence of problems ofNVH and low structural integrity, such as in the 
growing use of thin shell engine bearings. 
This thesis has filled the gap in the fundamental knowledge by detailed elasto-multi-
body dynamics analysis of multi-cylinder engines, incorporating key features such as 
the elastohydrodynamic analysis of thin shell journal bearings. The results of the 
highly non-linear tribe-dynamic analysis shows, for the first time, that half engine 
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order responses are indeed responsible for the elastodynamic behaviour of the 
crankshaft system and ultimately lead to many powertrain vibration problems. These 
facts had become subject of speculation in the past decade through experimental 
findings and corroborated by linear analytical models, but not hitherto by in-depth 
non-linear Lagrangian dynamics. The novelty of this research work is, therefore, 
claimed for the analysis of engine "roughness", as well as the solution of thin shell 
elastohydrodynamic journal bearings under transient conditions. 
7.2- Overall Conclusions 
The following overall conclusions have been made in the thesis: 
• Engine "roughness" is initiated by the fundamental combustion frequency. 
This is the signature of the 4-stroke internal combustion engine and the 
main source of noise and vibration concern. For a 4-stroke engine, the 
combustion fundamental is at half engine rotational speed. 
• The engine "roughness" comprises this fundamental frequency and all its 
multiples, which manifest themselves as combined torsional-deflection 
oscillations due to the elasticity of the crankshaft system. 
• Engine "roughness" is responsible for many NVH concerns m the 
powertrain system, particularly due to the complex three-dimensional 
whirling motion of the flywheel. 
• The effect of half engine order and its multiples is most poignantly observed 
with whirling motion of the journal nearest to the position of the flywheel. 
• Thin shell bearings are subjected to high generated pressures and elastic 
deformation of the shell, giving rise to an elastohydrodynamic regime of 
lubrication. 
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• Design of engines can no longer be based upon fuel efficiency and 
structural integrity alone, without regard to the physics of motion of light 
flexible structures. 
7.3- A Critical Assessment of the Approach 
Although the research programme undertaken in this thesis has addressed all its stated 
objectives, in achieving the same a number of assumptions have been introduced. 
These are as follows: 
• In incorporating the effect of component flexibility, use is made of non-linear 
elastic fields to represent the crankshaft system. The limitation of this method 
is that the flexible components in the system, when subjected to applied 
forces and moments, would respond at certain modes of vibration governed 
by the included compliances. In practice, as progressively lighter materials of 
construction are being employed, these structures would respond at a 
multitude of natural modes. A better description of their behaviour would, 
therefore, have been advantageous through the use of the finite element 
method to obtain mass and stiffness modal matrices. Although this approach 
is now being pursued in industry, it was thought that within the normal 
operating range of interest this would not yield results that would be 
significantly more accurate than that already adopted. In addition, nothing 
further would have been achieved in a fundamental sense. The subsequent 
verification of the numerical predictions against both experimental 
investigations and analytical calculations has vindicated the approach 
undertaken. 
• The same approach has been adopted in respect of the evaluation of the 
deformation of the shell in the thin shell journal bearing model. In this 
instance, the global deformation of the shell along its width due to the 
bending action of the crank-pin is assumed to have been represented by a 
slope. In reality other flexural modes may be present, calling for a full 
solution of the shell deformation. Again, one could have made use of finite 
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element analysis, most likely the Galerkin method. However, it is noted that 
due to the thinness of the shell the dominant contributory factor in the 
deformation of the shell is the local effect cause by the generated 
hydrodynamic pressures and that these could be obtained by the Column 
Method due to the low elastic moduli of shell materials such as Babbit. This 
approach has been adopted by other researchers for conformal contact of 
bodies of low elastic moduli. Nevertheless, a full solution to the problem 
would have been more appropriate, and indeed necessary if a thick shell 
engine bearing of material of higher elastic modulus had been employed, 
such as the bearings still employed in larger engines. 
• In the reported engine model, the fourth journal bearing nearest to the 
position of the flywheel is modelled in the detailed manner described in the 
thesis. Bushes with appropriate stiffuess components represent other 
bearings. This has been carried out, since the motion of the 4th journal 
bearing primarily affects the conical whirl of the flywheel. It is also 
important to note that the inclusion of elastohydrodynamic transient analysis 
at a multitude of locations along the crankshaft system would have the 
adverse computational time repercussions, even though the bearing 
programme is optimised such that for each step of integration of the engine 
dynamic analysis a mere 20-30 seconds of bearing computation is needed. 
Experimental work by Kinoshita et al [23] and by Kelly [35] vindicate the 
approach undertaken in this thesis. Nevertheless, more realistic deformation 
of shells at other bearing locations, together with the points described below 
for engine mounts can lead to coupled pitching motion of the system with 
flywheel whirl. This would be represented more realistically with elastic shell 
bearings at all locations. 
• If the pitching motion of the crankshaft system is to be allowed, the engine 
mounts' characteristics should be introduced into the model. The type of 
investigation undertaken here (for engine order vibration investigation) does 
not require their inclusion. However, from a practical point of view, as 
described later, there are particular advantages to be gained in this manner. 
• The motion of the pistons has been regarded as translational with respect to 
the cylinder bore. In practice, due to the offset position of the gudgeon pin 
148 
Chapter 7: Overall Conclusions and Suggestions for Future Work 
and the wrist-pin bearing, piston motion is a coupled translational and tilting 
motion. The tilting motion is likely to exacerbate the even engine order 
contributions. However, since the analysis here is largely confined to the 
determination of response characteristics in the frequency domain, rather 
than the specific amplitudes of oscillation, the need for such features in the 
model becomes unimportant, unless one was concerned with the specific 
lubrication problems in the piston assembly. These include piston slapping 
action, which is a constant source of concern. Clearly, such investigations 
would be beyond the scope of this investigation, requiring more specific 
research effort. 
Given the above realistic assessment, it is necessary to re-iterate the novel 
contributions made in this thesis. The first fully verified large elasto-tribo-multi-
dynamics modelling methodology is presented and findings compared to both 
experimental results and analytical calculations. Two such models have been created; 
one for a 4-cylinder 4-stroke engine and the other for a 6-cylinder, 4-stroke one. The 
methodology is generic and can be applied to any engine configuration. The project 
has already had spin-off benefits, in that it has provided an impetus in the 
development of multi-body engine modelling tools by Mechanical Dynamics, LMS 
and A VL List, as well as establishing the important multi-physics interactions within 
such a framework. 
7.4- Suggestions for future work 
Referring back to the previous section, it is clear that further details can be appended 
to the methodology described and used in this thesis, not all of which may be of a 
fundamental nature. In the case of component flexibility integration of finite element 
analysis can form a suggestion for future work. The important point is to include 
methods of solution that do not significantly add to the computational burden, either 
in the form of time or space requirements. An important feature of contributions made 
in this thesis is that detailed analysis can be carried out on relatively modest 
platforms, such as Pentium 11 machines with a CPU time of less than 2 minutes for 
1500 integration step times. 
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The model uses experimentally measured combustion pressures, which are converted 
to cylinder gas force using Wiebe functions [105] and Woschini correlations [106] as 
a good approximation for the solution of the heat transfer in cylinders, based upon the 
first law of thermodynamics. An extension of this methodology would be to solve the 
heat transfer partial differential equations directly. However, this may not yield data 
as accurate as the results imported through measurements and use of cubic spline 
functions. The same can be stated for the case of friction torque introduced by journal 
bearings. This can be performed simply if a hydrodynamic regime of lubrication is 
assumed (i.e. with no elastic deformation of the shell in the conformal contact). 
However, with the prevailing EHL regime of lubrication and the non-Newtonian 
behaviour of the lubricant at high shear rates, the task will be quite arduous, requiring 
very detailed numerical analysis that may not justify the required simulation run time 
under commercial use of such models. 
When such methodologies, as highlighted in this thesis, are employed in industrial 
environments, some practical uses should be envisaged as an aid to engine designers 
and developers. This means that targets with respect to engine performance may be 
established and used in the analysis. These may include the determination of the 
required starter motor torque for a given engine configuration and to overcome the 
friction torque. The current models, developed in this thesis, are capable of such an 
evaluation when the friction torque can be measured. If the above suggestions are 
implemented in respect of a numerical subroutine for friction torque evaluation, a 
more generic method, not requiring prior measurements of friction torque can result. 
In general the evaluation of frictional losses in an engine is of critical importance with 
the trend for efficiency being vigorously pursued. Therefore, methods of 
determination of main sources of frictional losses, as an addition to the developed 
methods here will be particularly advantageous. They can include the determination 
of losses in valve-train systems and in the piston assembly, both of which have been 
subject of investigation in sister research projects [52,107]. 
The inclusion of engine mounts, although not of a fundamental nature, is particularly 
useful in the determination of the transmission paths for noise and vibration into the 
vehicle cabin or onto the drivetrain system. In this thesis, and a sister research project 
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[35] the routes of propagation of engine order vibration to the clutch system has been 
successfully investigated and verified. Other such studies should be carried out. 
Clearly, this would call for the inclusion of structural compliance of many interfacing 
elements. Therefore, if a finite element analysis is used for all such components, very 
large models would be made, the practical use of which in a fundamental sense would 
become questionable due to run time difficulties. Such FE models have already been 
made, some containing millions of elements, only capable of yielding results when 
executed on super computers such as CRA Y or AMDAHL. The reported analyses 
have shown flywheel nodding motion of the same order of amplitude as the models 
described in this thesis, with much less computational burden and clearly more 
accessible to the wider spectrum oflikely users. 
The incorporation of tribology into multi-body dynamics in the study reported in this 
thesis, has not hitherto been attempted by other researchers in the field. It has 
introduced the assessment of wear and fatigue performance of contiguous bodies in 
contact as an integral part of a single analysis. This means that some of the future 
work can concentrate on the evaluation of sub-surface stress fields, for example in the 
shell, and predict the onset of fatigue spalling by maximum shear stress, or orthogonal 
reversing shear stresses [108,109]. This makes the analysis from the structural 
integrity viewpoint much more pertinent than that carried out as a routine today. One 
should note that the major failures encountered in modem engines are usually 
associated with such problems as shell fatigue, piston ring or crown wear and fatigue 
of valve seat failures, and are not often due to inertial elements, where most of the 
analyses are routine. Most practising engineers assume that when a plentiful supply of 
lubricant is made to an engine, coherent lubricant films are formed as a matter of 
course in such narrow conjunctions. This is of course not true as recent research (in 
the past decade and half) has repeatedly shown [11 0]. 
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ABSTRACT 
The paper presents a multi-body model of a 4-cylinder, 4-
stroke diesel engine, incorporating component flexibility. The 
model also comprises engine firing order and experimentally 
measured combustion time history. The paper presents 
numerical predictions for conical motion of the flywheel due to 
combined torsion-deflection modes of the flexible crankshaft 
system. The half-engine order responses induce the complex 3-
dimensional whirling motion of the flywheel, which is 
responsible for repetitive shock loading of the drivetrain system 
through impact with the clutch system. This leads to an 
assortment of noise and vibration concerns, one of which is the 
in-cycle vibration of the clutch system. Numerical prediction of 
this vibration response conforms well with the experimental 
fmdings, both of which are reported in this paper. 
NOMENCLATURE 
{a} :Position vector of a local frame w.r.t. the global frame 
B :Bore size 
C : Constraint function 
[D] :Damping Matrix 
(e,pY: Local part frame of reference 
F :Force 
F, :Generalized forces in the Euler frame of reference 
G : Modulus of rigidity: 
I : Second area moment of inertia 
j : Cylinder identity number 
J : Mass moment of inertia 
K : Kinetic energy 
L :Beam length 
m : a multiple ofktb harmonics of engine vibration 
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n : number of cylinder 
P : Combustion pressure 
q : generalized co-ordinates 
t :Time 
T :Torque 
A. : La grange's multipliers 
w : Crankshaft radiancy 
t; : Condensed form of state variable 
(\f/,0,!6): Euler angles 
IN'fRODUCTION 
The combined torsion and deflection modes for multi-
cylinder engines can be obtained analytically, as described later 
(see also Rahnejat [1]). The analysis indicates non-diminishing 
responses for odd and half order engine harmonics. This is in-
line with the experimental evidence, for example, reported by 
Dixon et al [2], which shows that major contributions are 
observed at 2 ~ and l ~ engine order with 4 cylinder in-line 
engines. This conforms well in the analytical calculations 
reported below, and can also be partially introduced by 
cylinder-to-cylinder combustion difference as suggested by 
Dixon et al [2). The analysis in this section indicates that the 
first mode for combined torsion and deflection mode in 4 
cylinder in-line engines can coincide with the 2 )li engine order 
in the speed range 3500-4000 rpm (the first mode being 
typically in the range 150-200 Hz). However, the second and 
higher combined torsional and deflection modes usually occur 
above 350 Hz. This n1eans that the contribution at 3 ~ engine 
order can only be significant at engine speeds above 5500 rpm 
as a source of excitation for crankshaft out-of-plane modes. 
Copyright© 2001 by ASME 
Dixon et al [1), however, have noted its significance at the 
engine speed of 2000 rpm They have observed that the 
significant contnbution at 3 ~engine order cannot be explained 
in terms of the cylinder imbalance. 
Furthermore, Kinoshita et al [3) have also shown that the first 
torsional deflection out-of-plane of crank throw mode for their 
particular 4-cylinder engine occurs at a frequency of 360Hz. 
The torsional contributions in a 4-cylinder engine occur at the 
2"d , 4th, 6th and gth engine orders, with radial vibrations 
exhibiting contributions at the same frequencies, but also 
having odd and half engine order content. The even orders 
contribute to the bending mode spectrum due to cylinder-to-
cylinder combustion variation, whilst half and odd orders occur 
due to combined torsion and bending. The 3 ~ order appears as 
a dominant source in the speed range 5000-6000 rpm (a 
confirmation of the arguments presented here). The 
acceleration signal obtained radially at the crankshaft front end 
by Kinoshita et al [3) coincided with half crankshaft rotation 
period (i.e. twice engine order). Simultaneous measurements 
from the fourth main journal bearing caps indicated signal 
fluctuations at the first order of the combustion process (half-
engine order). This appears to corroborate the hypothesis that 
the fundamental forcing frequency for impact dynamics 
problem, highlighted above is the half engine order. This paper 
attempts to verify this claim through detailed elasto-multi-body 
dynamic analysis. 
These discussions highlight the complexity of the combined 
effects of inertial force and torque excitations upon the 
formation of coupled out-of-plane torsional deflection modes of 
the crankshaft system. The analytic approaches, outlined below, 
although very useful in the understanding of the complex 
engine dynamics spectra (particularly in conjunction with 
experimental data), do not include the effect of many sources of 
non-linearity. These sources of non-linearity include crankshaft 
elasticity, assembly constraints, journal bearing hydrodynamics 
and the combustion process itself. Furthermore, the assembly 
of parts incorporates constraints, representing the attachment of 
parts or restraints that inhibit certain undesired motions such as 
the inclusion of torsional dampers at the crankshaft front end. 
These non-linear sources are necessarily precluded or linearised 
so that analytical solutions can be obtained [1). The exclusion 
of non-linearities can lead to erroneous conclusions. These 
shortcomings can be remedied by multi-body dynamic 
formulation of engine dynamic problem that can incorporate all 
sources of non-linearity in the system. The following sections 
describe a number of multi-body dynamic models. 
The term "whoop", or in-cycle VIbration. is applied to a clutch 
pedal operating noise and vibration problem, which can be both 
heard as noise in the driver's footwell area and felt as VIbration 
through the clutch pedal. This phenomenon occurs during the 
depression and release of the clutch pedal in a motor vehicle. 
The critical range for the release system of the clutch is at 
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frequency of 250-300 Hz, when the clutch pedal is being 
operated. Therefore, this is a dynamic or in-cycle concern. 
Observations have indicated that vehicles with diesel engines 
and mechanically actuated clutches are more prone to thls 
phenomenon. It is shown that whoop is excited by the 
elastodynamic response of the crankshaft, caused by the 
combustion of the engine cylinders [4,5]. The frequency and 
the amplitude of the vibration depend on the design parameters 
of the clutch and of the clutch actuation system. 
Although whoop has been an industry-wide problem since 
early 1980s, it has only· in recent times received the 
fundamental study that it clearly deserves (4-7). The traditional 
approach in dealing with this problem has been a palliative 
rather than a preventative one. Although various palliative 
measures have been advocated, a typical solution has been the 
use of a "Diehl fix". This is a mass and a rubber block damper 
attached to the clutch release lever, in effect shifting the natural 
frequency of its oscillations from the normal 250-270 Hz range 
to around 450-520 Hz. At these higher frequencies the 
amplitudes of oscillations are considerably reduced and the 
problem is shifted to higher engine speeds [5,6). 
ENGINE TORSIONAL VIBRATIONS 
(i)· Torsional Rigid Modes 
The torsional vibrations of a multi-cylinder engine are 
induced by the power torque \'ariations, which result from the 
magnitude of the gas force and the engine firing order. 
Although, analytic solution to this is generally understood, it is 
nevertheless included here as this forms a part of the validation 
· ·process for the multi-body dynamic analysis later on. 
Equation (1) expresses the torque fluctuations in a multi-
cylinder four stroke engine as a Fourier series based upon the 
k" harmonics of the engine cycle frequency. For a n-cylinder 
engine the combined or resultant torque fluctuation can be 
expressed as: 
(1) 
k is a positive integer number and can be formulated as even 
and odd multiples of m = 1,2,3, .... in order to represent various 
whole and half multiples of engine order when it is replaced in 
the exponential term in the above equation. 
k=-4m (Even engine orders: k = 4,8,12,16,20, .... ) 
k=4m-2 (Odd engine orders: k = 2,6,10,14,18, .... ) 
k =4m-1 {Half engine orders: k = 3,7,11,15,19, .... ) 
k =4m-3 (Half engine orders: k = 1,5,9,13,17 , .... ) 
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Expanding the resulting Fourier series for the above conditions 
separately and regrouping the remaining terms into an 
exponential form again, the power torque fluctuations for a 4 
cylinder engine in the case of even, odd and half order engine 
harmonics can be obtained as [1]: 
;~ 
T = (p,,- Pu- P31 + p.,)e 1 
(fork =4m) 
(fork :::4m-2) 
;!lilt 
T = {(P,1 - P 41 )- i(p21 - PJJ )}e > (for k = 4m -1 ) 
.~ 
T= {(p, .. - p~)+i(p, .. - P)1 )}e 1 (fork= 4m-3) 
For no cylinder-to-cylinder combustion variation, the power 
torque fluctuations diminish. except for even engine order 
multiples. Thus: 
fork= 4m (2) 
These analytic calculations are obviously in-line with the 
experimental findings for 4-cylinder, 4-stroke engines [2,3], 
giving the 2~~<~ , 4111 , 6th and glh engine orders as the main 
contributory factors. 
(ii)~ Torsional Deflection Modes 
The cylinder power torques act at different locations along 
the crankshaft. It is, therefore, clear that the cylinder block is 
subjected to torsional deflection with each cylinder's power 
stroke. In the simplest analysis of this effect the cylinder block 
may be considered as a beam element. The torsional deflection 
(i.e. the angle of twist), (), for a given beam of length, L , is 
given by the general torsion formula as: 
() = TL 
GJ 
(3) 
where, G is the modulus of rigidity of the beam material, T is 
the power torque and J is the second area moment of inertia of 
the modeled beam. 
In the same manner as in the previous case, the combined 
torsional deflection of the cylinder block can be considered as 
having been induced by k harmonics of the fluctuating 
cylinders' power torques as [l]: 
(4) 
Where, L1 denotes the distance from the centre of gravity of 
the j 14 cylinder to the point of application of the corresponding 
cylinder's power torque along the crankshaft axis. For: 
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{L1} = B{l.S,O.S,-0.5,-1.5)1 , the combined angle of twist is 
obtained as: 
B ,!..., .~., ... J~r) 
O, = GJ {l.5p,.e' + 0.5p,.e' (5) 
1!.<•1•11'} 1!-<r.f•J•I 
-0.5p,.c 1 -l.Sp.,e' ) 
Again as in the previous case, the torsional deflection modes 
can be represented by k harmonics of power torque as [ 1]: 
B ,!.,.,k4 a, e GJ {l.S(p,. - p., )+0.5(p,.- p,. )}e' JOT ~ m 
(even orders) 
B .~Mfik42 e =-{1 S(p -p )+O.S(p -p )}e' or = m-
• GJ . •• ... u l .. 
(odd orders) 
e, = :J (1.5(p,. + p.,)+ 0.5i(p,. + p,.)}e+· for k=4m-3 
(half orders) 
a, .,...!.(l.S(p,. + p.,)-0.5i(p,. + p,.)}/1--" for k=4m-1 
GJ 
(half orders) 
For no cylinder-to-cylinder combustion variation, it can be 
observed that the first two expressions return diminished 
responses. Therefore, half engine order contributions remain 
only for k=4m-J and k=4m-3. This results in engine 
"roughness" output at 1/2,3/2,5/2,7/2 engine orders. 
This simplified analytical treatment underpins the experimental 
findings in references [2,3). 
MULTI-BODY ENGINE MODEL 
The multi-body model is a constrained non-linear 
dynamics model, incorporating the elastic behavior of the 
crankshaft system as a series of elastic crankpins interspersed 
by rigid inertial elements represented by crank webs. This 
model is created in ADAMS, a multi-body code developed by 
Mechanical Dynamics Inc. The code is based on the automatic 
generation of equations of motion, using constrained 
Lagrangian dynamics, and using generalized Eulerian 3-1-3 
frame of reference. If the generalized co-ordinates are denoted 
by {qi}i·•-6 ={x,y,z,\!',9,q>}7 ,then: 
-- ---F +:LA. -:::0 cl ( OK) iK • !JCt 
dt cq I iq I VJ 1•1 I 0:]1 (6) 
The n constraint functions for the different joints in the engine 
model are represented by a combination ofholonomic and non-
bolonomic functions as: 
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(7) 
The compliance of the flexible members are given by stiffness 
and damping matrices of the form, defined by Bemoulli's three 
dimensional beam elements: 
EA 0 0 0 0 0 
L 
0 
12£/, 0 0 0 -6£1. I! L' 
0 0 
12£1.,. 
0 
6£1, 0 
(F,T}' = I! [} {e,~)' -[D1 de, tiP} 
0 0 0 G/v 0 0 dt dt L 
0 0 
6El,. 0 
4EI,.. 0 T L 
0 -6EI. 0 0 0 
4EI: 
L' L 
(8) 
Where, the flfSt matrix is the stiffness matrix and [D] is the 
structural damping matrix, given usually as a percentage of the 
former (in the range 1 o/o-5% for the crankshaft system}. 
{e,pr represents the local part frame of reference. 
(i) Genenlized Forces 
These elastic restoring forces and other applied forces are 
transformed to the Euler's generalized co-ordinates by the 
application of Johann Bemoulli's principle of virtual work. For 
the applied forces: 
{oW} = {liq,V {F}+{ofW {e}[I;,]{F} 
where: 
[
roS1proSt,J-sinl'tos8sinrp 
[Ty]= sing,cosq~+roS~pcosOsinrp 
sin8sinrp 
-COSlpSinrp-sinl"cosOcoSLp 
-SIDVJSiO(II+COS\f/COslJCOSlp 
sinOcosq~ 
andj=g, denotes the ground fixed frame of reference. 
(9) 
sinVtsin8] 
-COSI{!Sint9 
cosB 
The coefficient of {0q,)' gives the generalized force, whilst the 
second term provides the torque about the cent er of mass of the 
part with the infinitesimal rotation {oft} r expressed in terms of 
the local part frame of reference. The torque contribution (i.e. 
the second term in equation (9}) can be given in terms of the 
global Euler frame of reference as: [Ef {e}[T,,]{F}, where 
[E) is the transformation from the Euler-axis frame to the local 
part frame: 
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sin9sin1p 0 cosq>l 
[E]::: sinBcosq> 0 -sinq> 
case I 0 
For applied torques, the virtual work is given as: 
(10) 
And the coefficient of {&],} 1 gives the generalized torque 
contributions, noting that: {Oft} = [ E]{&],} . 
The elastic forces, as set out in equation {8) are also 
transformed, using: 
{F,
1 
}1.,_,3 = {F} and {F,1 } 1.M = [EY ([T16 ]{T} + {e}[T,. ]{F}) 
(ii) Constraining Reactions 
The generalized forces are the applied, restoring and 
dissipative forces, such as those introduced by the compliant 
members in the previous section. The constraining elements in 
a multi-body system also introduce reactions that are included 
in Lagrangian dynamics by the last term on the left-band side 
of equation {6}. 
The reaction forces and moments, introduced by the imposed 
constraints, are obtained in the same manner in tenns of the 
Lagrange multipliers, ~ where the following relation for 
. .iafmitesimal changes should hold: 
(1 1) 
where ck is a holonomic constraint function. These are the 
primitive functions that ensure positional or orientation 
conditions. Certain combinations of these form a physical joint. 
The most common types are the at-point or point coincident 
constraint, the in-plane and in-line joint primitives, 
perpendicular axes and prescribed angular orientation such as 
the imposition of parallel ax:es condition. Coupling constraints 
may also be imposed, relating the position (by a holonomic 
constraint) or velocity (by a non-holonomic constraint) of parts 
with respect to each other. Since a combination of at-point and 
perpendicular or parallel axes are employed in the formulation 
of various joints in the multi-body engine model, as an example 
the formulated re.active forces for a revolute pair (being a 
combination of the former two cases) is given here. Using the 
Jobann Bernoulli's virtual work principle for an at-point 
constraint, it can be shown that: 
(12) 
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Therefore, the generalized force for both parts i and) are given 
as the coefficients of the terms {&],} ~, 1 , in other words: {i!.}. 
The generalized constraining torque is provided by the 
coefficient of the terms {&],} ~~ 1 , or: [E]~1 {e,1}[T,,u]{A.} . 
For the perpendicular axes, there are clearly no generalized 
constraining forces, and the generalized constraining moments 
on parts i andj are given as: [Er,,{a11)[T;;]{a1,}{..1}. Note 
that for a eo-directed z axes at a revolute joint the vectors {a,} 
and {a) yield the conditions: z,.i, = z,.y, = 0. 
(iii) Equations of Motion 
The formulated generalised forces in case of body forces, 
applied forces and the constraining reactions can be 
implemented in equation (6). The differential-algebraic 
equation set can now be represented as follows: 
[[~:J 0 ] o [~J &7,.~)..}' =IF;, I (13) 
~] 
(iv) Method of Solution 
In general the rigid body equations of motion for each part 
within the engine model can be rewritten as: 
j=l···6 (14) 
k =1···6 (15) 
Because the translational components of momentum are 
obtained directly from the translational velocities, the six 
equations generated from Ft , can be reduced to three by 
introducing the components of angular momentum in the form: 
F -(r aq, ) 
'- ··-at·q, k=4 ,5, 6 (16) 
Where: {q,} = {lf,B,q>} 7 
Equations of motion are reduced to first order by the 
substitution 9 = q, , thus, they can be represented in a 
condensed format as: F(~.q,i!.,t)=O, where: ;=(9,q,i',j. 
The algebraic scalar functions for holonomic constraints are 
also included in the condensed format as: 
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c(d=o (17) 
Equations (16} and (17) are solved, using a combination of 
Cholesky factorization, Newton-Raphson iterations and a 
predictor-corrector scheme, including step-by-step integration 
for state variable derivatives. TI1e procedure is highlighted in 
references [ 1, 8]. 
(v) Description of the Model 
The internal combustion engine multi-body model, 
described here and created using ADAMS (see figure 1) is for a 
1.81 litre 4-cylinder, 4-stroke diesel engine. The model 
comprises an assembly of inertial elements; flywheel, pistons' 
assembly, connecting rods, crankshaft, cam gear and the starter 
motor. It also includes jomnal bearings that provide resistive 
torque, as well as supporting the assembly. The model includes 
component flexibility for the crankshaft system; non-linear 
elastic crank-pins, with lumped mass webs, as previously 
described. The journal bearing supports are considered as thin 
shell bearings, in-line with their current use in modem motor 
vehicles. This necessitates transient elastohydrodynamic 
analysis of pressure distribution and lubricant film thickness. 
The cylinder combustion force is calculated from the cylinder 
combustion gas pressure, which has been measured 
experimentally by Ford Motor Company (see figure 2) and is 
included in the model. 
The assembly of parts has been achieved by the use of 
holonomic constraint functions, provided in ADAMS. The 
starter motor torque is used for the same engine, w]th a 
m-aximum value of -300 Nm and operates for 0.1 seconds 
(negative sign indicating clock wise sense of application). The 
resistive torque is also a measured quantity, because in addition 
to the tractive contributions at the journal bearings there are 
other contributory factors such as dry friction in the crankshaft 
assembly, which are difficult to quantify by analytical means. 
I 
i 
I 
i 
i 
i 
I 
i 
i 
i 
! 
·------------·-·-··" 
Figure 1: The engine and clutch system multi-body model 
All the rigid body inertial properties of the parts; mass and 
mass moments of inertia are given in table 1. The constraints 
between various components denoted by Part I and Part J are 
given in table 2. 
Part Mass In Iyy Izz 
Name (kl!) (Kemm2_ {KJ!mmz) (kR:mmz) 
Pistons 0.5-0.8 500-900 500-900 450-870 
Conrmls 0.8-1.0 2e3- 5e3 400 650 2e3- 5e3 
Crankpins 0.2-05 75-90 75-90 100-150 
Camgear 0.03- 1.0-6.0 1.0-6.0 35-8.5 
0.07 
Journals 0.5-0.7 150-175 150-175 200-275 
Webs 0.5-0.9 450-700 90-200 450-900 
Flywheel 7.0- 2e4 -5e4 2e4 -!ie4 6e4 -8e4 
10.0 
Table I: Inertial properties in the engine model 
I Part J Part Coastralnt Type DOFRemoved 
Piston I Conrod I Revolute 5 
Piston 2 Conrod2 Revolute 5 
Piston 3 Conrod 3 Revolute 5 
Piston 4 Conrod 4 Revolute 5 
Piston I Ground Translational 5 
Piston 2 Ground Translational 5 
Piston 3 Ground Translational 5 
Piston 4 Ground Translational 5 
Conrod I Cranks)ln I In-line 2 
Conrod2 Crankpin 2 In-line 2 
Conrod 3 Cranktlin 3 In-line 2 
Conrod4 Crankt>in 4 In-line 2 
Camgear Ground Revolute 5 
Crank Ground Revolute 5 
Camgear Cnnk Coupler I 
Table 2: Constraints used in the multi-body model 
A key input into the engine model is the combustion force. This 
was achieved by :including the measured cylinder pressure for a 
complete cycle into each of the modeled cylinders and as a 
spline function in terms of the crank-angle position. This is 
shown in figure 2. The peak combustion pressure of 3.35 MPa 
occurs at a crank-angle position of approximately 13 • past the 
Top Dead Center (IDC), which corresponds to the crank-angle 
of zero degree in the figure. As the same spline is used for all 
the cylinders, no cylinder-to-cylinder combustion variation is 
allowed in this analysis. This means that the results of the 
numerical predictions can be verified against the 
aforementioned closed form analytical solutions, whilst 
remaining quite realistic for modem motor vehicles' 
performance. 
(vi) Simulation Results 
A simulation run of the multi-body model was undertaken for a 
period of 0.5 seconds with 1500 integration time steps on a 
Pentium ll machine. The CPU time was approximately 2 
minutes. 
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Figure 2: Measured combustion pressure 
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Figure 3: Crankshaft torsional oscillations' history 
The engine c;onditions are governed by the above specified 
cylinder combustion gas force, culminating in a nominal 
crankshaft speed of 3500 rpm. The actual average angular 
speed of the crankshaft is 3660 rpm (see figure 3), indicating an 
amplitude oscillalion of 127 rpm, which is quite significant. 
These oscillations are due to the various harmonics of the 
engine order vibrations. It can be observed that the crankshaft 
angular velocity, given in deg/s in the figure rises from a 
stationary value to the steady state conditions after a period of 
0.4 seconds. The first 0.1 seconds corresponds to the angular 
motion of the crankshaft, initiated by the starter motor torque, 
before the combustion process commences. 
The frequency composition of the torsional oscillations in 
figure 3 is obtained by fast Fourier transformation of the history 
after the commencement of the combustion process. This is 
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shown in figure 4. In the spectnun, one can observe the most 
significant contribution at the second engine order, with lesser 
contributions at the 4111 and the 61h engine orders. llris trend 
agrees with the previously mentioned analytical results and the 
experimental investigations in references [2,3]. The 
significance of the second engine order torsional oscillations of 
the crankshaft system is in fact well established. 
..... 
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.... .,... 
Frequency (Hz) 
Figure 4: Frequency composition oftorsional vibration 
-
To observe the torsional-deflection vibration due to component 
flexibility, earlier referred to as engine ''roughness", the conical 
whirling motion of the flywheel is monitored. This motion 
occurs due to the flexibility of the crankshaft system and the 
distortion of thin shell engine bearings. The latter is also 
modeled in some detail in the engine model by the inclusion of 
the elastohydrodynamic lubricant reaction when the center of 
the journal orbits around the center of the bearing shell. The 
mathematical description of the engine bearing model is 
beyond the scope of this paper, and for further infonnation 
readers are referred to references [9,10]. 
Figure 5: Torsional-deflection oscillations of the flywheel 
The complex conical whirl of the crankshaft, schematically 
represented by figure 5, leads to impact loading of the 
drivetrain system through the engagement/disengagement of 
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the clutch system. This effect has been observed by 
experimental investigation of the flywheel motion using non-
contact sensing with equi-pitched eddy current probes 
positioned in proximity of the flywheel (shown in figure 5) [7]. 
As can be observed the action of the flywheel may be regarded 
as a combination of its rotation about the axis of the crankshaft 
and a rocking motion about the lateral transverse plane. lbe 
effect of this motion can best be observed by its ''nodding" 
component; the to and fro motion towards the clutch system. 
The measurements from the experimental set up are shown in 
figure 6 as axial movements of the flywheel versus pedal traveL 
One can observe that during clutch travel all the three probes 
measure displacement of the flywheel. This is better indicated 
in figure 7, also showing a rise in clutch pedal acceleration, 
accompanied by noise in the driver's footwell area, monitored 
by a microphone pick-up. This noise and vibration 
phenomenon is tenned in-cycle clutch pedal vibration, so-
called because the effect is noted during the clutch actuation 
process. This concern is commonly referred to as "whoop" in 
industry, owing to the nature of the noise. 
Axial pedalll'Pvenc:t vs. pedal travel at 3500rpm 
Figure 6: Measured flywheel "nodding" motion 
A thorough investigation of the whoop problem has shown that 
its root cause is the torsional-deflection modes of the crankshaft 
system., with the spectrum of vibration of the clutch system 
axial oscillations being dominated by both half engine order 
torsional-deflection modes and the usual even order torsional 
contributions [5,6]. The fundamental contributory source is the 
half engine order, being the main combustion force signature 
for the 4-stroke combustion process. Since all the multiples of 
the half engine order remain in elastodynamics of the 
crankshaft system, as indicated by the aforementioned 
analytical method, the coincidence of one of the harmonics 
Copyright© 2001 by ASME 
with the clutch release lever natmal frequency gives rise to the 
whoop problem [5,6]. 
Pedal travel 
Down 
angle clutch 
release lever [ 0 ) 
__ ... 
acceleration pedal 
sound pressure 
Up 
pedal impact 
agatns stop 
Figure 7: The clutch whoop phenomenon 
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Figure 8: Flywheel torsional-deflection oscillations 
The validity of the simulation results can be ascertained against 
the expe~ental evidence for whoop, as well as against the 
aforementioned analytical solutions. Figure 8 shows the 
flywheel nodding motion during the simulation period. It can 
be observed that a maximum amplitude of0.14 mm is obtained 
for axial displacement under steady state conditions. This 
co~ares favorably with the experimental results in figure 6, 
wh1ch shows an amplitude of0.12 mm. 
The spectrum of vibration is shown in figure 9. Note that both 
the even order torsional vibrations at 2"d , 4th and 6th engine 
orders, as well as the engine "roughness" at the combustion 
frequency and all its multiples appear in the spectrum This 
results, therefore, conforms to the previously stated analytical 
calculations. 
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Figure 10: clutch vibration spectrum, with the in-cycle response 
The natural frequency of oscillations of the clutch release lever 
has be~n sho"Wll to occur in the range 250-270 Hz [4-6], 
dependmg upon the position ofthe lever during the clutch pedal 
travel. Therefore, at different engine speeds resonant conditions 
are induced by coincidence or proximity to one or a number of 
contributory sources in figure 9. For the conditions reported in 
this paper, one would expect this to occur because of proximity 
to the contributions at 7.51h, 8111 and 8.5th engine orders. 
Although these are insignificant compared to other 
contributions in figure 9, their presence should lead to whoop. 
A multi-body clutch model, descnbed in references [5,6) was 
coupled with the engine model, described here (see figure l}. 
The resulting axial oscillations of the clamped clutch system 
yield the spectrum, shown in figure 10. The whoop response, 
coinciding with the natmal frequency of release lever 
oscillations is indicated on the figure. All other contributions 
occur at the multiples of the half engine order. The contribution 
at 140-150 Hz has been observed to be the dominant noise 
source in the driver's footwcll area. 
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ONCLUSIONS 
e paper bas shown the relationship between component 
flexibility and engine roughness response. This has been 
proposed by a number of authors, by observation of the 
experimental results [2,3], but not shown hitherto in a 
fundamental analysis as obtained here. The results of multi-
body dynamic analysis also conform to the analytical solutions. 
Furthermore, a practical powertrain noise and vibration 
problem; whoop, has been investigated by the incorporation of 
a clutch system model. The numerical predictions agree with 
the experimental findings, giving further credence to the 
modeling methodology employed in this paper. 
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Multi-body dynamics for the assessment of engine 
induced inertial imbalance and torsional-deflection 
vibration 
D ARRUNDALE and S GUPT A 
Mechanical Dynamics limited, UK 
H RAHNEJAT 
Department of Mechanical Engineering, University of Bradford, UK 
Abstract: 
Use of multi-body dynamics is increasing in the area of powertrain NVH analysis. This 
growth is much owed to a need for vehicle refinement in the area of engine induced 
vibration and the often associated structure-borne noise. In recent years the trend has 
been in the development of engines with high output power to weight ratio, through 
use of materials of lighter construction and with a greater power torque. Thus, 
component flexibility has been playing a greater role in system dynamics. The paper 
presents a multi-body approach for the determination of sources of powertrain Noise, 
Vibration and Harshness (NVH) by paying particular attention to crankshaft system 
elastodynamic behaviour that contributes significantly to half-engine order vibrations. 
Keywords: Engine Dynamics, Elasto-multibody dynamics, Half engine order 
vibrations, Flywheel nodding motion 
1. Introduction: 
In recent years an increasing use is made of materials of lighter construction, both for 
enhanced engine efficiency by a corresponding reduction in mechanical losses, and for 
an improved NVH performance. The realisation of the latter was perceived to occur as 
a by-product of reduced inertial imbalance. The selection of materials for powertrain 
components has been largely based upon their fatigue endurance limits alone, not 
paying much attention to issues of structural dynamics as an NVH concern. Parallel to 
these developments much attention has been paid to improved thermodynamic 
performance of engines as thermal losses account for 60-65% of all losses in an engine. 
As a result of the improved combustion processes a greater power torque is now 
applied to lighter engine components, yielding larger torsional-deflection and lateral 
bending oscillations. With improved ride comfort from an NVH perspective and a 
perceived reduction in aerodynamic noise in intermittent driving conditions in 
congested areas, the driver concern has shifted towards a plethora of powertrain 
induced vibration and the associated structure-borne noise. The implication of this has 
been an assortment of palliative measures introduced by the industry at a significant 
cost, an approach which is unlikely to be sustainable. Root-cause identification and 
solution of most powertrain NVH problems calls for detailed modelling of the internal 
combustion engine using a multi-body dynamic approach. 
The analysis comprises simultaneous solution for large displacement dynamics of 
engine components such as piston and connecting rod motions, together with 
infinitesimal elastic response of, for example, crank-pins and support bearings. 
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Zeischka et a! ( 1) have highlighted a multi-body elastodynamic model of the crankshaft 
and the engine block, making use of finite element models to represent the elastic 
behaviour of the various components. The hydrodynamic action of the supporting 
journal bearings were taken into account, using impedance charts. These give the 
journal reactions as a function of the Sommerfeld number. The authors have 
demonstrated that vibration characteristics of four stroke, four cylinder in-line internal 
combustion engines can be accurately predicted. These characteristics comprise even 
order harmonics of engine speed (i.e. even engine orders) due to inertial imbalance 
introduced by reciprocating motion of pistons and the articulated motions of 
connecting rods, even if one is to assume a rigid crankshaft system. Analytic solutions 
for verification of this is provided in references (2,3). Component flexibility causes 
torsional-deflection oscillations of the crankshaft system at half engine order multiples. 
Analytic verification for this is provided in reference (3) with experimental evidence 
portrayed in references ( 4-6). These half engine order multiples are particularly 
troublesome and induce a variety of drivetrain noise and vibration problems (see for 
example clutch in-cycle axial vibration (7 -11 ), and driveline impact induced 
elastodynamic response, referred to as clonk (12-15)). 
Katano et al (16) have also obtained the dynamic forces generated in an engine which 
induce resonant conditions in the crankshaft system, using a multi-body dynamic 
approach. Lacy ( 17) has studied torsional vibration of a four cylinder gasoline engine, 
using a multi-body model. In his model the crankshaft nodes were connected to the 
main journal bearing housing by an oil film module, having linear and rotary stiffness 
and damping. This oil film module was initially reported by K.ikuchi ( 18) and has been 
employed by Lacy with a constant journal eccentricity, resulting in an axi-symmetric oil 
film constraint. However, transient conditions that are prevalent in engine dynamics 
can lead to small perturbations that render this assumption void, as in reality journal 
eccentricity alters and the hydrodynamic oil film reaction occurs as a result of 
combined lubricant entraining and squeeze film motions (19,20). 
Hitherto, most of the multi-body models reported in literature assume linearised 
journal bearing reactions, represent power torque fluctuations by simplified induced 
torque upon the crankshaft system and are devoid of realistic assembly constraints 
between the various engine components. A detailed multi-body model of a single 
cylinder four stroke engine, comprising inertial components, assembly constraints and 
finite width hydrodynamic journal bearings, subjected to a numerically calculated 
combustion force has been reported by Boysal and Rahnejat (21,22). They have 
included the necessary detail to investigate the secondary tilting motion of the piston 
and the combined torsional vibration and conical whirling motion of the crankshaft. 
The level of detail has included the evaluation of main journal bearing hydrodynamic 
restoring reactions by solving the Reynolds equation for combined entraining and 
squeeze film motions, calculation of friction torque, determination of piston slapping 
action against the cylinder bore, piston friction and piston compression ring to cylinder 
wall elastohydrodynamic reaction using an extrapolated finite line oil film expression, 
first obtained by Rahnejat (23). The authors have shown that inclusion of such detail 
can lead to a considerable computation effort, requiring several hours of CPU time. 
However, for the simulation study to be of any practical use in industry this level of 
detail can be viewed as almost essential. The authors did not include the effect of 
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component elasticity m their model, apart from the elastic contact deformation of 
mating parts. 
When component elasticity is included in the model, the degrees of freedom are 
increased significantly. Therefore, time for solution of the problem increases and a 
realistic approach calls for omission of some detail which is deemed as not essential, 
given the primary purpose of a given study. To determine the NVH characteristics of 
the crankshaft one may omit secondary tilting motion of the pistons and ignore the 
likely unstable whirl of the journals, but include the elastic distortion of the latter. All 
other modelling details should be retained. This approach is reported here. 
2. Model Description: 
The multi-body model in this investigation represents a six cylinder four stroke in-line 
engine (see figure 1). The inertial components include the pistons, the connecting rods, 
the flywheel, the cam gear, the engine block and the crankshaft. The list of parts in the 
model with their masses is given in table 1. In this table, column 1 gives the part 
number for each component. Note that certain parts are repeated a number oftimes in 
a multi-cylinder engine as in this investigation. 
The crankshaft is modelled as a continuous system, compnsmg point mass-inertial 
elements interconnected by three dimensional elastic field elements. Therefore, each 
crank-pin or web is represented as two concentrated inertial element, referred to in the 
table as crank-pin a and crank-pin b. The crankshaft is made of SG cast iron with a 
modulus of elasticity of 169 GPa, a modulus of rigidity of 66 GPa and a Poisson's 
ratio of 0.27. The elastic field elements in the crankshaft system are each represented 
by a 6X6 stiffuess matrix. The crankshaft, as a continuous system, undergoes elastic 
deformation, giving the induced shear forces and bending moments in terms of relative 
displacements between two ends of a crank-pi~. or web. The bearing shells' stiffness is 
added in the same manner. 
The stiffuess of the oil film in the journal bearings is in series with the corresponding 
thin shell stiffuess element and at a considerably higher value. This has been shown to 
be true under etastohydrodynamic conditions, where the oil film roof ripple oscillations 
are a fraction of the contact deflection of the mating elastic members under load (see 
for example Mehdigoli et al (24)). Therefore, the stiffness of the thin shell bearing is 
governed by the shell thickness. Therefore, the need for the inclusion of an oil film 
module is alleviated. The same is of course not true if hydrodynamic conditions 
prevail. However, most modern cars employ thin shell bearings. The oil film 
contributes to friction torque, acting upon the crankshaft system. This is included in 
the model by a spline function fitted to experimentally measured data. The friction 
torque is initially overcome by the starter motor torque which is also included in the 
model. 
The counter-balance masses are added to the crankshaft system in order to eliminate or 
reduce the primary imbalance at engine order. These masses are also discretely 
positioned in the same manner as described above. 
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The various inertial components in the model are assembled by specified holonomic 
constraint functions, a combination of a number of which represent a practical joint. A 
list of the joints in the multi-body model is given in table 2. In this table, column 1 
gives an identification number for a given joint. Column 2 gives the location of the 
assembly site. Column 3 indicates the type of joint employed. 
The combustion force in each cylinder is obtained by numerical solution for the rate of 
change of cylinder pressure as a function of heat release during the combustion process 
and the heat transfer rate to the cylinder head and bore walls in each step of simulation. 
The formulation and method of solution for this is outlined in references (3,21 ,22). 
Friction force is applied between each piston and cylinder wall, as also outlined in the 
same references. The cylinders' firing order for this engine is 1-4-2-6-3-5, with piston 
1 denoting the closest piston to the flywheel position in this model. In this four stroke 
engine a cylinder fires every 120 degrees of crankshaft rotation. Therefore, the phase 
angle vector for this arrangement is given as: 
[1] 
Before embarking upon the method of multi-body formulation and simulation, 
attention has to be paid to the validation of the numerical results. The approach 
advocated by Rahnejat (3) involves simplified analytic solution for power torque and 
the induced forces and moments acting upon the crankshaft system. This enables the 
verification of the numerically obtained vibration spectra. Experimental evidence for 
vibration spectra of six cylinder engines also exist (25). 
Sources contributing to the spectra of vibration include the combustion power torque, 
the induced inertial imbalance torque and combined torsional-deflection of the 
crankshaft system due to component flexibility. Simplified analytic solutions for all of 
these sources of vibration are provided in reference (3). A brief description of these is 
provided here for the specific six cylinder four stroke engine under investigation. 
3. Simplified Analytic Solutions : 
The induced inertial torque applied to the crankshaft for a multi-cylinder engine can be 
obtained analytically as (3 ,26): 
[2] 
Note that higher order terms, being a product of ascending powers of crank radius to 
the connecting rod length have been omitted in the above equation as the ratio 
r I::::! o.3. 
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Now replacing for the phase angles from equation [ 1] for n = 6, the above equation 
simplifies to: 
r3 
I;= -3m,oJ 2 -
1 
sin3cvt [3] 
This indicates that the dominant contribution in induced imbalance torque is the third 
engine order, a fact that has been corroborated by much experimental evidence, for 
example see March and Croker (25). 
The power torque due to the cylinders' combustion process for a multi-cylinder engine 
is given as (2,3,26): 
n k 
L i-(ml-l~·) T - p 2 1 P - Jke [4] 
j=l 
Where the power torque is given in terms of all k th harmonics of the fundamental 
combustion frequency, these being multiples of half-engine order for a four stroke 
engine. Assuming no cylinder-to-cylinder combustion variation, it follows that: 
~k = Pk for all values of j = 1 - 6 . Replacing for the phase shift vector from equation 
[ 1] into equation ( 4) it can be shown that (26): 
TP = 6Pke;< 3kGJil for whole multiples of k [5] 
This means that the fundamental power torque contribution is at the third engine order, 
with all other whole multiples of 3cv having a non-zero contribution. 
The "roughness", referring to half-engine order multiples, observed in experimentally 
obtained spectra relate to torsional-deflection response of the elastic crankshaft 
system. The analytic proof for multi-cylinder engines is provided in reference (3). For a 
six cylinder engine the resultant torsional deflection of the cylinder head is given by: 
6BPk }-we 
ek = --e 2 for k = 3m 
GI 
4iBPk i~QJ( 
and : ek = ---e 2 for k = 3m- 2 
GI 
Note that: et= 0 for k = 3m-1 
In the above equations m = 1,2,3, ..... 
[6] 
[7] 
[8] 
It can be observed that half engine order multiples remain, with the highest 
contributions occurring when m= 1 in both equations [6] and [7], at 1}'i and h 
engine orders. Other half order multiples at 3 h and 4}'i engine orders exist. 
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Contributions due to second, third and sixth engine orders also remain. Therefore, the 
induced inertial imbalance, the power torque and the torsional deflection oscillations 
exhibit a significant number of engine order responses. 
These analytic solutions ·form a guideline for verification and understanding the 
numerical non-linear multi-body dynamic analysis. 
4. Multi-body Formulation: 
The numerical multi-body model is created in the ADAMS software (a trade mark of 
Mechanical Dynamics Inc.). The method of formulation and solution is described by 
Orlandea (27) and Rahnejat (3) . A brief description of this is provided here. 
The equations of motion for each part in the assembly of parts in the engine model, 
described in section 2 are given by the Lagrange's equation for constrained systems as: 
d(iK.J iK n cck 
--- ---F +LA. -=0 
dt ajj iqj qj k=l .1: iqj [9] 
where {q1 } 1= 1 ..... 6 = {q,q,} = {x,y,z,lf/,B,q$}r IS the vector of generalised co-
ordinates, with the rotational components given in the Euler's body 3-1-3 frame of 
reference. 
The n constraint functions for the different joints in the engine model are represented 
by a combination ofholonomic and non-holonomic functions as: 
[
C, iC,] = 0,) = 1 ~ 6,k = 1 ~ n 
q) cqj [10] 
The generalised forces in equation [9] act in the direction of the generalised co-
ordinates and preserve the virtual work done by the original force. The original forces 
include weight of parts, the applied directed forces and moments, and reactions 
introduced by restraining elements in the system such as bushings and elastic fields. 
The virtual work for the gravity force acting in the centre of mass of a part is ·given as: 
{5W} = {&],}r m{g} [11] 
And for an applied forces F acting at a point Pin {e}, {,8} local frame of reference: 
[12] 
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where: 
[
cos If cos rjJ- sin If cos B sin fjJ 
[ Ty] = sin 'I' cos fjJ +cos If cos B sin fjJ 
sin Bsin fjJ 
-cOS If sin fjJ- sin 'I' cosBcosfjJ 
- sin If sin fjJ +cos If cos B cos fjJ 
sin Bcoscp 
andj=g, denotes the ground frame of reference. 
sin If sin B l 
-cos 'I' sin B 
cosB 
The coefficient of {q1 )r gives the generalised force, whilst the second term provides 
the torque about the centre of mass of the part with the infinitesimal rotation 
{ 8f3} r expressed in terms of the local part frame of reference. The torque contribution 
(i.e. the second term in equation [ 12]) can be given in terms of the global Euler frame 
of reference as: [Ef {e}[I;g ]{F} , where [£] is the transformation from the Euler-axis 
frame to the local part frame: 
[
sinBsinq$ 0 cosq$l 
[E]= sinBcosq$ 0 -sincp 
cose 1 0 
Also note that: eAF = {e} {F} and {8f3} = [£]{&],}. 
Similarly, the virtual work done by an applied torque is given by: 
[13] 
The generalised torque components are give_n. as the coefficients ofthe term {&],} r. 
In a similar manner it can be shown that bushing and field forces (such as Eulerian 
beams) produce generalised forces and moments ofthe following form: 
[14] 
The reaction forces and moments, introduced by the imposed constraints, are obtained 
in the same manner in terms of the Lagrange multipliers, .At where the following 
relation for infinitesimal changes should hold: 
[15] 
where Ct is a holonomic constraint function. These are the primitive functions that 
ensure positional or orientation conditions. Certain combinations of these form a 
physical joint. The most common types are the at-point or point coincident constraint, 
the inplane and in-line joint primitives, perpendicular axes and prescribed angular 
orientation such as the imposition of parallel axes condition. Coupling constraints may 
also be imposed, relating the position (by a holonomic constraint) or velocity (by a 
non-holonomic constraint) of parts with respect to each other. 
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The joints in the engine model are listed in table 2. As an example, generalised 
constraint forces for a revolute joint are described here. A revolute joint consists of an 
at-point and two axes perpendicularity holonomic relations. Using the Bernoulli's 
virtual work principle for an at-point constraint, it can be shown that: 
Therefore, the generalised force for both parts i and j are given as the coefficients of 
the terms {&]1 }~1 , in other words: {A.}. The generalised constraining torque ts 
provided by the coefficient ofthe terms {&], }~1 , or: [£]~1 {e;11 } [7;,1,g]{A.}. 
For the perpendicular axes there are clearly no generalised constraining forces, and the 
generalised constrammg moments on parts i and j are given as: 
[E]~ 1 {au1 }[Ty ]{a1,;} {A.} . Note that for a eo-directed z axes at a revolute joint the 
vectors {a;} and {a 1 } yield the conditions: i; .X1 = i;. y1 = 0. 
The formulated generalised forces in case of body forces, applied forces and the 
constraining reactions can be implemented in equation [9]. The differential-algebraic 
equation set can now be represented as follows: 
[~:r 0 [I ac ac] 
St aj
1 
+ q 1 0 [~;J 
[~;] [o] { &] j ' SA.J T = { !'q) [17] 
[CC, . 0 (CC,)] 
;;qj ,q qj qj [o] 
The matrix on the left hand side is referred to as the Jacobian matrix. 
The applied field element matrices are given as three dimensional Eulerian beams: 
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I 
EA 
-
L 
0 0 0 0 0 
0 12£/:: 0 0 0 - 6£!:: LJ Lz 
0 0 
12£/.IY 
0 
6£/_..,y 
0 
{F, T}T = L3 L2 {e,/f} T -[DJ{~;,~} T GI= 0 0 0 0 0 
L 
0 0 
6El>Y 
0 
4£/.YY 
0 Lz L 
0 
-6£1,: 
0 0 0 4£/zt Lz L 
[ 18] 
where the first matrix is the stiffness matrix and [D] is the structural damping matrix, 
given usually as a percentage of the former (in the range 1%-5% for the crankshaft 
system). 
The method of solution is described in references (3,27,28). 
5. Simulation studies: 
A multi-body engine model thus established can be employed for some practical 
simulation studies. These may include verification studies in respect of conceptual 
designs, prior to physical prototype testing. These can encompass parametric studies, 
for example in relation to the determination oflhe required starter motor torque for a 
given resistive friction torque produced by supporting crankshaft engine bearings. The 
analysis can be extended to bearing selection and crankshaft structural flexibility for 
optimisation studies in striking a balance between reducing powertrain weight, whilst 
guarding against noise and vibration concerns emanating from the lowering of torsional 
deflection and bending modes of the crankshaft system. 
The most important step in such studies is the initial model validation against 
e~perimental spectra and known simplified analytic solutions, such as those highlighted 
in section 3. This paper presents simulation results, related to this important step in 
multi-body modelling of internal combustion engines. To carry out this task the model, 
highlighted in section 4 is subjected to a simulation study for a period of 2 seconds 
with 2048 steps of simulation. The validation process is carried out in the frequency 
domain. To avoid aliasing the spectral content up to a frequency of approximately 250 
Hz can be relied upon with such a sample size, according to the Nyquist criterion (i.e. 
half the actual sampling rate). Therefore, the applied combustion force time history in 
each cylinder must be either monitored experimentally or evaluated numerically in a 
correct manner to match the simulation study. This leads to a given engine speed for a 
specified starter motor torque and a corresponding resistive friction torque. In the 
current study an experimental measured combustion time history is employed in all 
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cylinders. Figure 2(a) shows the input cylinder combustion force time history The 
starter motor torque applied at the onset of simulation for a period of 0. 1 seconds, 
from a magnitude of 1000 Nm in the clock-wise direction is shown in figure 2(b ). 
Figure 2(c) provides the spectral content of the applied cylinder combustion force, 
showing the prominence of the half engine order contribution at 12.5 Hz for the four 
stroke process, and all its higher harmonics up to the 5 h engine order at 13 7. 5 Hz. 
6. Results and Discussion: 
The interest in this simulation is to ascertain the torsional-deflection modes of the 
crankshaft system. For the conditions depicted in figure 2: (a)-(c), the crankshaft 
clock-wise rotation commences from rest to reach a steady state mean angular velocity 
of 157 rad/s, as shown in figure 3(a). The small perturbations at the steady state 
conditions have in fact a peak-to-valley oscillation amplitude of 1.5 rad/s (i.e. a 
fluctuation of approximately 14 rpm, representing a deviation of ± 0.5%) from the 
nominal steady state conditions. Such conditions are in fact fairly typical in four stroke 
gasoline engines, leading to small torsional deflection contributions which are 
nevertheless quite significant in a number of ways. Firstly, they lead to NVH concerns, 
progressively viewed in the industry as a key refinement issue. Secondly, their action, 
coupled with the bending modes in-plane and out-of-plane of the crank-throw lead to 
conical whirling motion of the flywheel, particularly with lighter engine materials and 
thin bearing shell deformation. This problem can lead to an assortment of clutch and 
drivetrain NVH problems (for example see Kelly et al (7-11)). The spectral content of 
the crankshaft rotational speed is shown in figure 3(b). Note that the main 
contributions occur at the 1.5, 3rd, 4.5, 6th and 7.5 engine orders. This is in-line with 
the analytic solutions in section 3, indicating a verification of the numerical method. 
These results also agree with a similar 6 cylinder in-line spectral content, reported by 
March and Croker (25). 
The conical motion of the flywheel has been investigated by Kelly et al (7 -11) as a 
major clutch system axial vibration issue, with its root cause found to be the firing of 
cylinders nearer to the flywheel position. This problem leads to tactile vibration at the 
clutch pedal during the engagement and disengagement processes, as well as noise in 
the footwell area. In their case, they have shown both experimentally and by numerical 
prediction that the problem in 4 cylinder diesel engines occur with the firing of the 3rd 
and particularly the 41h cylinder?. In the case of the 6 cylinder gasoline engines this 
problem manifests itself to a much lesser extent, owing to the lower combustion forces 
in gasoline engines. However, the problem still remains as a concern to powertrain 
engineers. The so-called "flywheel nodding motion" is as a result of elasto-multibody 
dynamic of the flexible crankshaft system. This is shown in the zoomed plot in figure 
4(a) for the case under investigation here. The peak- to- valley amplitude of vibrations 
is approximately 0.02 mm. This value is a fraction of the case in diesel engines; found 
to be in the region of0.1 mm for 4 cylinder 1.8 diesels by Kelly (29). Nevertheless, the 
flywheel motion with this amplitude and at the fundamental combustion frequency of 
half engine order represents a repetitive Dirac-type impact function into the drivetrain 
system that induces an assortment of noise and vibration problems. Figure 4(b) shows 
the spectrum of flywheel nodding motion, indicating the half engine order contribution 
and all its harmonics, as anticipated. Furthermore, figure 5 illustrates that the problem 
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is particularly poignant with the firing of the 151 cylinders being the closest cylinder to 
the flywheel position in the model denotations. The firing order is indicated by cylinder 
numbers in the figure. The flywheel nodding acceleration is superimposed upon the 
cylinder firing order, showing a maximum peak-to-valley oscillation of approximately 
32g for cylinder 1 closest to the flywheel position. 
Increasingly crankshaft bearings with thin shell configurations made of materials of low 
elastic moduli are employed in modern engines as a part of a drive in the construction 
of light weight engines. One adverse effect of this approach is the manifestation of 
torsional deflection and bending motions of the crankshaft system at these locations, 
resulting in the aforementioned nodding motion of the flywheel, a consequence of 
which is the clutch whoop problem. The flexure of the bearing shell is quite complex 
and leads to elastohydrodynarnic regime of lubrication in the support bearings under 
transient conditions. This problem has been highlighted by Rahnejat (20), who reports 
on a solution of the thin shell engine bearing problem under combined entraining and 
squeeze film motion. The method of solution for the Reynolds' hydrodynamic equation 
and the elastic film shape is the column method, which assumes that the deflection at 
any location in the shell is dominated by the lubricant pressure element acting directly 
upon it. In reference (20) the solution is undertaken for the lubricant reaction acting in 
the vertical direction, whilst the shell deformation is due to an aligned pressure 
distribution, ignoring the small slope along the width of the bearing. However, due to 
the conical whirl of the crankshaft and the flywheel shell deformation takes place in the 
radial and along its axial direction. The resulting three dimensional pressure 
distribution is skewed, yielding high pressures at the extremities of the shell width 
when the shaft undergoes dominant vertical oscillations due to fluctuations in the 
combustion gas force. The slope of deformation is worst for the shell bearing nearest 
to the flywheel. Figure 6(a) shows the misaligned three dimensional pressure 
distribution at the maximum cylinder combustion force, resulting in a combined vertical 
and moment loading of the shell bearing with a magnitude of 10 KN. The shell is 3 riun 
in thickness, the radius of the journal is 30 mm and the lubricant film thickness under 
static equilibrium is 30 1-1m. The maximum pressure has occurred in the direction of 
the sloping crankshaft towards the flywheel location, indicated by the edge of the shell 
(i.e. the zero axial position). This is more clearly seen in figure 6(b ), being the pressure 
isobar plot, with the maximum pressure of 16 MPa. The circumferential direction is the 
direction of entraining motion (i.e. shown as unwrapped in all these figures). Figure 
6(c) shows the corresponding lubricant film thickness with a minimum value of 4 l-lm in 
the vicinity of the maximum pressure value. 
Conclusion: 
The multi-body formulation method presented here is generic and has been shown to 
be capable of modelling complex multi-body systems. The results obtained for a 
powertrain problem show the use of such numerical techniques during the design 
evaluation process in practical applications. The numerical predictions have shown to 
conform well with both simplified analytic solutions and with experimental rig and 
vehicle data. 
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Nomenclature: 
B : Cylinder-to-cylinder bore distance 
ck : kth holonomic constraint function 
[ D] : Structural damping matrix 
E : Modulus of elasticity in equation ( 18) 
F : Applied force 
Fq : Generalised force in Euler frame of reference 
G : Modulus of rigidity 
g : Acceleration of free fall 
J : Second area moment of inertia 
j : Cylinder identity number 
K : Kinetic energy 
k : k1h constraint or harmonics of the combustion frequency 
I : Length of beam element in equation ( 18), otherwise connecting rod length 
m :Mass 
x,y,z 
: Mass of translational imbalance 
: Number of constraints in equation (9), otherwise number of cylinders 
: Combustion force 
: Generalised co-ordinates 
: Crank radius 
: Induced inertial torque 
: Power torque 
:Time 
:Work done 
: Cartesian frame of reference 
: Cylinder firing phase angle 
: Lagrange's multiplier 
: Angle of twist 
: Euler angles 
: Crankshaft angular velocity 
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2,31 
Part Number Description Mass (k~) 
1 Ground -
2 Flyv.rheel 19.61 
3,8,9, 10, 11, 12,13 Crankshaft (7 pieces) 10.81 
58 Block -
59 Cam gear 0.784 
One per cylinder 
40,41,42,43,44,45 Piston 9.19 
34, 35,36,37,38,39 Connecting rod 3.422 
5,24, 25,26.27,28 Crank pin a 0.294 
6, 29,30,31,32,33 Crank pin b 0.294 
4, 14, 15, 16, 17, 18 Web a 3.435 
7, 19, 20, 21, 22, 23 Webb 3.435 
46,47,48,49,50,51 Balance mass a 1.8125 
52,53,54,55,56,57 Balance mass b 1.8125 
Table 1: List or Parts In the Six Cylinder Model 
I 
... , 
Joint No. Description Joint Type 
l Engine Block to Ground Fixed 
2 Crankshaft to Block Revolute 
3 Flywheel to Crankshaft Fixed 
4-9 Pistons to Block Translational 
10- 15 Connecting rods to Pistons Revolute 
16-.57 Webs, Pins, Masses, etc. to Fixed 
Crankshaft 
58 Cam to Block Revolute 
Prim l- 5 Connecting rods to Crankshaft In-line 
Coupler 1 Dummy cam to Crankshaft Coupler 
Table 2: List or Constraints In tbe Six Cylinder Model 
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ABSTRACT 
A drive towards higher output power to weight ratio engines has culminated in the use of lighter and durable 
materials of construction for engine components, including the crankshaft system and engine bearing shells. The 
choice of materials has been largely influenced by structural integrity issues, which have resulted in a plethora of 
noise and vibration concerns, due to increased elastodynamic behaviour of the system. A particular concern is 
the conical whirl of the flywheel, helped by the deformation of engine bearings by high elastohydrodynamic 
pressures. The paper investigates the contact conditions in main crankshaft engine bearings when subjected to 
variation in applied loads due to the 4-stroke combustion process. 
1- INTRODUCTION 
The internal combustion engine, as a power source, is inherently unbalanced owing to the translational 
imbalance of the reciprocating elements (pistons and proportion of masses of connecting rods in translational 
motion), and the torsional-deflection behaviour of engine components. The combustion process acts as the 
initiating source for the spectrum of noise and VIbration in the power train system that includes its own 
fundamental forcing frequency (this being half the rotational frequency of the crankshaft for a four stroke 
engine) and all its multiples. . ..• 
For a 4-cylinder, 4-stroke engine the vibration signature of the crankshaft system indicates main contributions at 
even engine orders, with the main contribution at the second engine order [1,2]. However, it has been noted that 
with materials of lighter construction the rigid body modes of vibration and supplemented by torsional-deflection 
modes of vibration, which comprise contributions at the combustion forcing frequency (this being at half engine 
order) and all its higher harmonics [ 1-4]. 
The effect of the combustion forces is to introduce, firstly the imbalance inertial forces at the engine rotational 
frequency (i.e. engine order) and all its whole order multiples (the even order contributions being the most 
troublesome) and secondly to induce torsional-deflection response of the engine block and the crankshaft 
system. The latter occur at odd and half engine orders. Rahnejat [1] provides a comprehensive analytical 
derivation for all these spectral contents for single and multi-cylinder engines. It also points to the experimental 
evidence for them. Readers are also referred to the experimental results reported by Dixon et al [2] and 
Kinoshita et al [3]. These half engine order vibrations are referred to as "engine roughness" [5,6]. 
A major contributory fu.ctor in the transmission of engine roughness response to the drivetrain system is the 
structural deformation of increasingly used engine bearing shells. The situation is exacerbated at higher engine 
torques in diesel engines. The problem has not received the fundamental investigation that it clearly deserves. 
This paper attempts to overcome this shortcoming, by introducing engine roughness response in transient 
elastohydrodynamic analysis of a thin shell engine bearing. 
2- THEORETICAL FORMULATION 
A simultaneous solution to Reynolds' equation and the film shape function is required. 
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2.1- Reynolds' equation 
For the case of main crankshaft engine bearings the area of conformal contact is quite large, yielding low to 
moderate pressures. Under these conditions the change in density and viscosity of the lubricant can be ignored. 
The conditions encountered correspond to iso-viscous rigid with thick shell bearings or iso-viscous rigid or 
elastic for thin shell low elastic modulus shells. 
The Reynolds' equation for transient conditions in the conformal contact of the journal to the bearing shell or 
bush is conveniently represented in cylindrical co-ordinates as: 
(1) 
where y is along the width of the bearing, whilst ({J is the circumferential direction. Note that x = rrp. 
~ ay 
Furthermore: UA =ro;;,uB =O,vA = at'VB =0. 
Also note that no sliding is taking place along the width of the bearing. Thus: v = ay = 0. 
A at 
2.2- Film shape 
The elastic film shape refers to the profile of the film, around the journal. This takes into account the 
undeformed gap size (i.e. the clearance between the journal and the shell), and the elastic deformation of the 
shell. Figure 1 shows the journal in an eccentric position, indicated by the eccentricity e (i.e. the distance 
between the centre of the shell, 0' and that of journal, 0). The generated pressures depend on this eccentricity 
and the angular velocity of the journal. 
The lubricant film is indicated by h, which must be determined in terms of the geometry of the bearing. Since the 
film thickness is small relative to the radius of the journal, the curvature of the lubricant film can be neglected. 
Therefore, the film shape can be unwrapped from around the journal and viewed as a periodic stationary profile 
with the wavelength 2m-b (see figure 2). Referring back to figure 1, it can be seen that [7]: 
1 
cosp = -{h +r +ecos(.1Z'-~)} 
R 
Therefore: h = R cos P- r + ecos ~ 
Using the sine rule: sin P = e s: ~ , then: cos p = ~1- sin 2 p = 1-( ~ J sin 2 ~ 
This can be substituted in equation (2) to result in: 
h = R 1-( ~ r sin 2 ~ - r + e cos~ 
(2) 
(3) 
(4) 
The first term on the right-hand of the above equation can be expanded, using binomial expansion. Additionally, 
the clearance is: c = R - r . Therefore, equation ( 4) becomes: 
(5) 
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The ratio iR is very small; of the order ofO.OOl. Furthermore: e =% is in the range: 0:::; e:::; 1. Hence: 
h = c(l + e cos qS) (6) 
For a thick bush journal bearing a solution, based upon iso-viscous rigid condition is obtained through equations 
(1) and (6). 
Since the bearing shell, particularly in modern engine bearings is thin and made out of material of low elastic 
modulus, it deflects under the effect of generated pressures, particularly in diesel engines when combustion 
forces are quite considerable. The effect of deflection of the shell must, therefore, be included in the film shape: 
h = c(l + e cos qS) + 0 
This equation is referred to as the elastic film shape equation. 
2.3- Localised elastic deformation 
The elastic properties of the shell determines its stress-strain relations, as: 
{u} = [D]( {s}- {s0 }) + {o-0 } 
(7) 
(8) 
Where the elasticity matrix [D] can be obtained simply from the usual isotropic stress-strain relations. For the 
general stress-strain relations, following the method highlighted by Lekhnitskii [8], ignoring initial stresses and 
strains and taking z as the direction normal to the surface of the shell to obtain the various elements of the stress 
tensor. The elasticity matrix provides the influence coefficients. Hence: 
ft-v ft-v 0 0 0 
ft-v 1 ft-v 0 0 0 
.EV-0 ft-v ft-v 1 0 0 0 (9) D 0 0 0 1-~ 0 0 (1w)(1-2v) 2(1-v) 
0 0 0 0 1-2~ 2(1-v) ...• o 
0 0 0 0 0 1-2~ 2(1-v) 
The deflection component due to the generated pressures can be simplified by assuming that the local deflection 
at any location is affected only by the element of columnar pressure directly acting above it This approach is 
valid for shells of low elastic moduli and is referred to as the column method. The effects of other pressure 
elements are thus ignored. This assumption is valid for thin shells made out of materials oflow elastic modulus. 
Therefore, the element of the above matrix, of interest here, is the (3,3), and uz =-p . Furthermore: sz = 0 , 
d 
with dbeing the thickness of the shell. Therefore: 
0 = (1-2v)(l+v)d P 
E(l-v) 
Therefore, the elastic film shape is given as: 
h (1 _ "') (l-2v)(l+v)d =c +eCOSy-- + p 
E(l-v) 
(10) 
(11) 
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The pressure distribution and the corresponding lubricant film thickness is obtained for the iso-viscous elastic 
(i.e. thin shell elastohydrodynamic) condition by a simultaneous solution of the Reynolds' hydrodynamic and 
elastic film shape equations (i.e. equations (1) and (11)). 
2.4 Boundary conditions 
A 21l computational domain in the circumferential direction is assumed, with the axial domain extending to 
± L. The pressure values are set to zero at the edges of this boundary. The boundary conditions used are: 
2 
p = dp = dp = 0 , where all generated negative pressures within the contact domain are discarded. 
dy dt/J 
2.5- Finite difference discretization 
The Reynolds' equation is discretized in fmite differences and solved by Gaussian elimination with Gauss-Seidel 
iterations, using an over-relaxation factor. The discretization of the left-hand side terms in the Reynolds' 
equation is based on the central difference scheme (because of enhanced numerical accuracy), whilst the Couette 
flow term, on the right-hand side, is discretized by the backward difference scheme (which caters for improved 
computational stability). 
The terms in the Reynolds' equation ( 1) are discretised as follows: 
(12) 
(13) 
(14) 
The time rate of change of the elastic film shape, referred to as the squeeze film action is defined by first order 
approximation as: 
oh1•1 
--= 
h" -h"-1 i,/ i,j (15) 
at 
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Replacing for the above terms in the Reynolds' equation, the following discretized form is obtained: 
F;,j = 2~t/J 2 [(h;+l,j + hi,] )p i+l,/ - (h;+l,j + 2hi,J + h;3-l,j )p i,j +(hi,, + hi-1,] )p i-l,j] 
+ 2~y2 [~i,/+1 + hi,1 )Pi,/+1 - (hi,J+I + 2hi,1 + hi,1_.)p1,1 + (hi,1 + hi,1_1 )Pi,f-1] 
-12n r2 (.i)c rh. -h. .)+ ~ i,f i,j 
[ 
(h" -h"-1)] 
., 0 l!.t/J ~ 1,} •-1,) l!.t 
Where, F;,1 is the discretized Reynolds' equation. 
2.6- The iterative procedure 
The following terms are defined: 
1 ~~3 3)~ A .. =-- h. +h.. 
1,) 2 /!.(i HI,} 1,) 
1 ~(3 3 )~ B .. =-- h. +h. 
1,) 2/!.(J 2 1,] •-l,j 
c .. = _I_rrh~. I + h~J)~ 
1,) 26.y2 L~ 1,]+ I, ~ 
The iterative recursive equation for pressure is thus obtained as: 
A.[RH .. -A.Jp~lj -B.Jp?+ll. -C.jp~J I -D.jp~~ll +E. ·P;"j] n+l n 1,1 1, z+ , z, z- ,J z, z, + z, z,J- J,J , 
Pi,J = Pi,J - E . . 
1,) 
(16) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
A. is an over-relaxation factor, usually in the range 1.7-1.9. Its value is set at 1.85 for the analyses highlighted in 
this paper. 
2.7- Convergence criteria 
The convergence criteria 4Jcludes both pressure and load convergence. For pressure convergence the following 
condition is employed: 
n+l n Pi,J :;i.J ::;; 0_1 
Pi,J 
(23) 
If the above condition is not satisfied, then the iteration index, n, is updated and the entire elastohydrodynamic 
numerical procedure is repeated as described in the previous section. 
Once all the columns of pressures satisfy the condition, given by equation (23), then load convergence criterion 
is applied. 
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The bearing reaction is obtained in terms of its contributions in the two radial vertical transverse directions: X 
and Y, as: 
Fr = 'f7P1,1 cosifl1,1Ril.;il.y = Ril.;il.y 'f7P1,1 cos ~1•1 
Fx = 'f7P;,1 sinifl1,1Ril.;il.y = Ril.;il.y'f7P1,1 sin~1•1 
(24) 
(25) 
In the above expressions, the contribution of each converged pressure element, acting on an elemental area 
il.;il.y at a circumferential position ifl1,1 to the generated reaction is calculated. The resultant bearing reaction is 
obtained vectorially as: 
F = Fr sin If/+ Fx cos If/ (26) 
Where: 
(27) 
This is the angle that the resultant vector makes with the radial vertical direction (see figure 3). 
For load convergence the generated bearing reaction must reach the applied load, obtained by dynamic analysis 
of crankshaft system (see for example references [6] as the induced load on the bearing by the combined effect 
of combustion induced force and the inertial dynamics of the system, within an acceptable limit of convergence. 
The following relationship is used: 
(28) 
If the above condition is not satisfied, then the value of e in equation (11) is adjusted with the use of the 
following relationship: 
-• (F)d' -n+l_ e 
e ---
c w 
(29) 
The power index d' is a damping factor with the value in the range -0.05 ~ -0.01. 
3- RESULTS AND DISCUSSION 
The behaviour of the thin shell main support crankshaft journal bearing, nearest to the position of the flywheel 
(i.e. the 4th crankshaft bearing) is investigated for the case of a diesel engine. The maximum generated 
combustion force is 42 KN, which induces significant torsional-deflection modes.ofvibration of the crankshaft 
system. 
It is of practical interest to obtain the oil film thickness and pressure distnbution under various conditions in the 
fourth journal bearing, nearest to the flywheel. Figures 4 and 5 show the central oil film thickness profiles at the 
engine speed of 3500 rpm and at journal reactions 1.5 KN and 10 KN respectively. The parameters related to this 
journal bearing are: shell thickness of 2.5 mm, with the journal radius of r=30 mm, an initial clearance of 
c=r/1000= 30pm,and a bearing diameter to width ratio of 1.67. This condition necessitates a two dimensional 
solution to the Reynolds' equation. The journal is made out of SG cast iron, with the shell being Babbit, the 
corresponding materials' moduli of elasticity being: 120 GPa, and 60 MPa respectively. 
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Note that the minimum central film thickness has decreased from a value of IO~m to 3~m with the increasing 
bearing load from 1.5 KN to 10 KN. The three-dimensional oil film shape is shown in figure 6. It should be 
noted that the figure depicts an inverted film shape in order to note the dip in the film thickness, indicating the 
minimum oil film thickness at the rear exit. The corresponding three dimensional pressure distribution for the 
severe case of 10 KN reaction is shown in figure 7. The maximum pressure occurs when the bearing reaction is 
10 KN with a magnitude of approximately 23 MPa, this being within the normal operating specification of the 
bearing. 
4- CONCLUSION 
The analysis highlighted here is significant in the determination of structural integrity of thin shell bearings, as 
well as vibration characteristics of crankshaft system. The latter is induced by whirl of journal centre about that 
of the bearing shell, leading to conical whirl of the flywheel. This aspect of analysis is highlighted elsewhere [6], 
and leads to a plethora of noise and vibration concerns in vehicular power train systems. Prediction of film 
thickness enables monitoring of conditions that can lead to onset of wear, whilst the corresponding generated 
pressure distribution indicates the possibility of fatigue spalling by sub-surface shear stresses exceeding elastic 
limit set by the Tresca criterion. 
5- NOMENCLATURE 
c : Radial clearance in journal bearing 
d : Shell thickness 
[D] : Elasticity matrix 
e : Journal eccentricity 
E : Modulus of elasticity 
F : Lubricant reaction 
h : Lubricant film thickness 
ij 
p 
R 
: Computational grid point 
: Elastohydrodynamic pressure 
: Effective Hertzian contact radius 
I :Time 
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Figure 1: Eccentric position 
of the journal in the bearing 
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Figure 2: The unwrapped representation 
of the film shape 
Figure 3: Resultant force vector on bearing 
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Figure 4: Central oil film thickness profile for the bearing load of 1500N(BDC) 
(Bearing nearest to flywheel in 4-cylinder diesel engine) 
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Figure 5: Central oil film thickness profile for the bearing load of 10000 N (TDC) 
(Bearing nearest to flywheel in 4-cylinder diesel engine) 
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Figure 6: Three-dimensional lubricant film thickness for bearing load of 10000 N 
(TDC) 
(Inverted film shape shows the dip in the region of minimum oil film thickness) 
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Figure 7: Three-dimensional pressure distribution related to figure 6 
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